DIRICHLET AND NEUMANN PROBLEMS FOR PLANAR DOMAINS 

WITH PARAMETER 



FLORIAN BERTRAND AND XIANGHONG GONG 

Abstract. Let r(-,A) be smooth, i.e. C°°, embeddings from Q onto Q^, where fl and 
f2^ are bounded domains with smooth boundary in the complex plane and A varies in 
/ = [0, 1]. Suppose that F is smooth on f2 x / and / is a smooth function on dil x I. 
Let A) be the harmonic functions on with boundary values /(•, A). We show that 
u{T{z, A), A) is smooth on x /. Our main result is proved for suitable Holder spaces for 
the Dirichlet and Neumann problems with parameter. By observing that the regularity of 
solutions of the two problems with parameter is not local, we show the existence of smooth 
embeddings r(-, A) from D, the closure of the unit disc, onto fl-^ such that F is smooth on 
D X / and real analytic at 0) £ D x /, but for every family of Riemann mappings 

A) from il-^ onto D, the function R{T{z, A), A) is not real analytic at (%/—!, 0) € D x /. 



1. Introduction 

Let > be an integer and < a < 1. Let (0 < A < 1) be a family of bounded 
domains in C of C^+'^+°' boundary. Let and g'^ be functions on dQ^. We consider 
the Dirichlet problem with parameter 

(1.1) Au^ = on^]^, = f ondn^. 
By analogy, the Neumann problem with parameter is 

(1.2) Av^ = on Q^, d^xv^ = on dQ^. 

Here A is the Laplacian and z/^ is the outer unit normal vector of dQ'^. For the existence 
and uniqueness of solutions v^, we impose conditions 



(1.3) / g^d(r^ = 0, / v^da^ = 

with da^ being the arc- length element of dQ^. We are interested in the regularity of 
solutions u^,v^ in the parameter A. To state our results, we first define two Holder spaces. 
Let integers k,j satisfy k > j >0. By an element {u'^} in C'^"^"'-' (9fi) (resp. C'^~^"'-'(i7)) we 
mean a family of functions on dQ (resp. Q) such that, for every integer i with < i < j, 
A — )■ d\u^ is a continuous map from [0,1] into C'^~'^~^"{dil) (resp. C'^~*+°'-' (fi)). We will 
prove the following. 
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Proposition 1.1. Let non negative integers I, k and j satisfy k > j and k + 1 > I > j . 
Let < a < 1. Let fl be a bounded domain in C with boundary. Let (A G [0, 1]) 

embed n onto n^{c C) with {T^} zn C'^+^+^'^XH) . Assume that and g^ are functions on 
dQ^ such that {/^ o r^} is m C'+^'-'^Sfi) and {g^ o r^} is m C^+''^^{dQ). For each X, let 
G C"(f2'^) be the unique solution to (DTTj) o-nd let G C^{Q^) be the unique solution to 
imE>-UIE>- Then {u^ oT^} is m C'+"'J(n) and {v^ oV^} is in C'=+i+"'^' (H) . 

We observe that if a function u is harmonic on the unit disc D and is continuous on 
D, then the product b{X)u{z) for a function b on [0, 1] is still harmonic on D. Thus, even 
if bu is real analytic near a point (p, 0) G x [0, 1], bu might not be near the same 
point (p, 0) G D X [0, 1]. Such an example is provided, when u\Qn vanishes near p but is 
not identically zero and b is continuous on [0, 1] but not different iable at 0. Therefore, the 
regularity of solutions for the Dirichlet problem with parameter is not a local property. By 
contrast, the harmonic function u must be near p G © when u\Qji is near p G 9©. 
The observation leads us to demonstrate the failure of the local Schwarz reflection principle 
with parameter by the following result. 

Theorem 1.2. There are embeddings r(-,A) from D onto Vt-^ such that T is C°° on E = 
© X [0, 1] and real analytic at (1, 0) G E, but R{r{z, A), A) is not real analytic at (1, 0) E E 
for every family of Riemann mappings R{-, A) from onto 3. 

The existences of solutions u^^v^ in Proposition 11.11 are classical results; see Kellogg [7] 
for the Dirichlet problem and Miranda [TU] (p. 84) for work of Giraud on the Neumann 
problem. For higher dimensional Dirichlet problem, see Gilbarg-Trudinger ([3], p. 211, 
Theorem 8.34). The reader is referred to |10] for extensive references. We will use the 
Fredholm theory on compact integral operators. Of course, the compactness of the in- 
tegral operators is valid when the parameter is fixed and it will play important rules in 
our arguments, although there is no compactness when all variables are considered. With 
some modifications, we will follow Kellogg's approach to the Dirichlet problem ([5]-[8]). 
For instance, by constructing a second resolvent, Kellogg proved the C^+" -regularity of 
the solutions to the Dirichlet problem for C^^" boundary ([6j). Instead, we will obtain 
the regularity of solutions to the Dirichlet problem via the integral equations associated to 
the Neumann problem. The reduction can be achieved, because solving Dirichlet problem 
on a simply connected planar domain can be reduced to finding a harmonic conjugate of 
the solution. We do not meet difficulties in the reduction for multi-connected domains. 
Using the Cauchy transform, we will also refine Kellogg's original arguments to recover a 
loss of regularity. We mention that Courant proved a version of Caratheodory's Riemann 
mapping theorem for variable Jordan domains (see p. 383). Courant's theorem implies 
the continuous, i.e. C°, dependence of solutions to the Dirichlet problems for Jordan do- 
mains with parameter. One of applications of solutions of the planar Dirichlet problem is 
Kellogg's theorem on the boundary regularity of Riemann mappings for Jordan domains of 
^i+a boundary [6j . Warschawski proved the sharp version of Kellogg's Riemann mapping 
theorem for Jordan domains of C^+'^ boundary for all > IH]); see also Pom- 

merenke [12] (p. 49). As an immediate consequence of Proposition 11.11 we get a parameter 
version of Kellogg's Riemann mapping theorem in Corollary 19.41 

The paper is organized as follows. 
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In section [21 we define various Holder spaces for domains and functions with parameter. 
We discuss the dependence of functions spaces on the parameterizations of domains and 
their boundaries. Section [3] contains some standard estimates on Cauchy transform (see 
Vekua [H]). We present details as the arguments are used in the parameter case. In 
section HJ we refine Kellogg's estimates on kernels for the integral equations; lacking a 
reference to the sharp regularity on solutions to the integral equations, we provide some 
details. These arguments are generalized in section |5] for the parameter case. In section [6l 
after collecting results about compact operators for the Dirichlet and Neumann problems, 
we deduce the regularity of solutions of the integral equation for the Dirichlet problem 
in Lemma [6.31 

Section [7] consists of our main results about the regularity of solutions of integral equa- 
tions with parameter. For the proofs, we differentiate integral equations and orthogonal 
projections onto the null spaces of / ± /C^ and / ± /C^* and we then derive estimates by 
using the compactness of integral operators /C^ and K,'^* for fixed parameter A. In section [HI 
we thoroughly discuss the Holder spaces defined in section [2] before we define the spaces for 
exterior domains with parameter. In section [9l we solve the real analytic integral equations 
for the Dirichlet and Neumann problems with a real analytic parameter. Our main results, 
theorems 19.21 and II. 2[ are proved in section [9] Proposition [TTT] is contained in Theorem 19.21 

Note that when domains are fixed and only the boundary values vary with a param- 
eter, our results essentially follow from the solutions of Dirichlet and Neumann problems 
without parameter. Furthermore, the results hold for general Holder spaces with parameter 
(see the remark at the end of section [H]). With Holder spaces to be defined in section [21 we 
conclude the introduction with the following open problem: 

Problem. Let k, l,j be non negative integers. Let / < A; + 1 and < a < 1. Let embed 
Q onto Q^, where fl and are bounded domains in C. Let G C^IQ-^) be harmonic 
functions on Suppose that dil G C'=+i+", F G C^^+^+^'^XH), and {u^ o F^} G Ci+"'J(9fi). 
Is {u^ o F^} in C^^'jfn) for j > 0? 

2. Holder spaces for interior domains with parameter 

To deal with the Dirichlet problem with parameter, we will introduce two types of Holder 
spaces with parameter, C'^+"'-'(f2r) and 8'''^°''^ (ilr) ■ Both are suitable for the formulation 
and proofs of our results. In this paper the parameter A will be in [0, 1], unless it is restricted 
to a subinterval. 

We first define spaces when a domain is fixed. Let k,j be non-negative integers and let 
< a < L Let Q he a bounded domain in C. Let C''~^°'{Q) be the standard Holder spaces 
with norm | ■ I^+q, on fi. Let be a family of functions on il. We say that {u^} belongs to 
S^+°'J(n), abbreviated by u = {u^} G i3j+"'^(n), if A ^ d{u^ maps [0, 1] continuously into 
C'^m and boundedly into C*^+"(n) for each i with < i < j. We say {u^} G C,^+"'^(n), 
if d\u'^ maps [0, 1] continuously into C^"^°(fi) for < z < j. We define B'^~^°''^ (dil) and its 
subspace C^~^°''^{dQ) by substituting Q with dQ G 0^+°" n in the above expressions. 

Next, we define spaces on domains with parameter. Let F'*' (0 < A < 1) be a family of 
embeddings from Q onto fl^, and let 7'^ (0 < A < 1) be a family of embeddings from dfl 
onto 917'^. Suppose that m'^ is a family of functions on or on dfl^. Define the following: 
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• {u^} e i3,^+"'^(nr), if {u^ o r^} G i3j+°'^ (n); 

• {u^} e C^+'^'^irir), if {u^ o r^} G C^+"'^{n); 

• {xi^} e if {u^ o 7^} G 

• {m^} G C,^+"'^((9(]^), if {u^ o 7^} G C^+'^'^idn). 
For integers k > j > 0, define 

Substituting Qr witfi in the above identities, we define 8'''^°''^ (d^^) and C'^~^°''^{dQ.j); 
dropping the subscripts F and 7 from the above identities, we define B''^°''^{Q), 0'^^°''^ {Q) , 
B''^°''^{dQ) and 0''^°''^ {dfl) , respectively. The norms on these spaces are defined and ab- 
breviated as follows: 

(2.1) \u\k+a,j = sup {\dlu%+a}, H U E B^^'^'^ (dn) OT ^^"'^(0), 

o<i<j,Ae[o,i] 

(2-2) W\k+a,j ^\{u^O r^}\k+a,j: \u\k+a,j ^ \{u^ O -f^}\k+a,j: 

(2.3) IklU+aj = raei-x{\u\k-i+a,i- 0<i< j}, j < k. 

The definition of spaces B^+"'^ (9Q) requires dQ G C'=+" n implicitly. Throughout the 

paper, we assume that U is bounded, dn G C\ F G C^'°((I) and 7 G C^''^{dn). For X = 
or n and < j, k < 00, define i3j+"'^ (X) = n^f^^^ i^j^^Bi+''''{X). For j < A; < 00, define 

gfc+aj(X) = f^^i<^k+i,i<j+i^''~^"'^i-^)- Define analogous spaces by replacing B and B* with 
C and C*, respectively. 

Having defined the spaces, we now briefly discuss how they depend on the embeddings. 
We first need a fact to change the order of differentiation. Let di — d^^ be derivatives on 
R". 

Lemma 2.1. Let f be a continuous function defined on an open subset fl o/R". Assume 
that on Q, di-^ ■ ■ ■ di^f = g is continuous and di._^ ■ ■ -di^J are continuous for all 1 < ji < 
■ ■ ■ < ji ^ k. Then di'^ ■ ■ ■ di'^f exists and equals g, where di'^ ' ' '^i'^, ^-^ ^ change of order of 

Proof Let x be any smooth function with compact support in ^2. Replace / by %/. Then 
/ satisfies the same hypotheses and it suffices to verify the assertion for the new /. Assume 
that supp / C (a, 00)" for a finite a. Let X be the set of continuous functions on R'* with 
support in (a, 00)". Define Xj : X — )■ X by 

Ii(j){x)^ I 4){xi,...,Xi_i,t,Xi+i,...,Xn)dt. 

J a 

Then Ijlj = X^-Xj on X. Also, (9jXj/ = / = XjSj/ if / and dif are in X. Now / = 
li^ ■ ■■Xi^g = Xi'^-- -li'^g, which yields di'^ ■ ■ ■ di>J = g. □ 

The above lemma shows that d^y^ = d^yd'l holds on C^'^{Q), if |J| = k and d^y^^ 
is obtained from d^y&l by changing the order of differentiation. Also d^^ = d^dj^ on 
C^'''(9f2), if 9^;^ is a change of order of d'^dy 

Lemma 2.2. Let Q be a bounded domain with dfl G C*^"*"" nC^. Let F^ and embed fl 
onto fl-'^. Let ■ji and 72 embed dfl onto dfl^. 
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(z) A mapping from Q into Qi pulls back C"''^(i7i) and B°''^{Qi) into C°'°(i7) and 
B°''^{Q), respectively. 

(ii) Let ip^ map into an open subset D of R". If F is a function in C^{D) and 
if G then {F o (^^} g B'^'^ip). If F e C^{D) and ip G C"'°(n), then 
{F oif^} eC^'^iU). _ _ _ 

(iii) IfV^ G i^'^+^'^ p n Ci'°(n), then i3'=+"'^ (nrj = (Hr J . 

(iv) Let a > 0._lf (r^)"^r^ are independent of A and Ti are m C''+'''^{n) n C^-^in), 
then C'=+"'^ (nrJ = C'^+^'^^HrJ. 

The assertions in (i)- (iv) remain true ifdQ, dQi, dQ^, and 'ji substitute forVL, VL\, 0?", 
and Ti, respectively. The identical spaces in {Hi) and {iv) have equivalent norms. 

Proof, (i). Since dVt G C^, then \^{z2) - ^{zi)\ < C\z2 - Zi\ if G C\n) or C^{dn). The 
assertions follow immediately from the definition of the spaces. 

(ii) . We take a bounded open subset D' of D such that D' has piecewise smooth boundary 
and contains ranges of all ip^. Since F is C^, then F is Lipschitz on D'. It is easy to check 
that {F o {p^^ is in B"''^. Assume now that F G C^. We already know that {F o ip^^ is in 
^o,o_ Without loss of generality, we may assume that IA2 — Ai| is so small that the range 
of tip^^ + (1 — t){p^'^ for < t < 1 is contained in D'. Then V-F is Lipschitz on D'. Write 

{F{^'^) - = {^'^ - ^'^){x) ■ /\VF)((V^ + (1 - t)^'^){x)) dt. 

Jo 

We obtain \F{<p^^) - F{<p^')\a < Clv^^^ _^Ai |^(^^ ^ |^A2|^^ |^Ai |^)_ Hence, {Fo<p^} e C"'°. 

(iii) . Let o = ^2- Since F^ are embeddings with Fj G C^'^{Q), we have 

\C-z\/c<\rU0-^i2i^)\<c\C-z\. 

Note that on C^'^{fl) all mixed derivatives of order k — j in x,y and of order j in A can 
be written as d^~^~°'dyd''y^. Abbreviate the latter derivatives as a set by d^~^d{. For a later 
purpose of expressing a commutator, it will be convenient to write first-order derivatives 
of a function in a column vector. So let us form the Jacobean matrix (F^)' of the (real) 
map F^ in such a way. Then the chain rule takes the form 

(F^)' = (Ft2)'(F^)' o Ft^, 9,F^ = (9,Ft) o Ft^ + d.TUr'^Y o F^^. 

We solve for dT^2 dxTi2] in general, for k > j, we express d''~WlTi2 ^ polynomial 
in 

(2.4) [det(Ft)'oF^2]"\ ^'^^'r^, {d^d1r',)or',2, a + b<k,b<j. 

To repeat the above computation for •y^, let (7^) o = 72 • Then 

drl^{z)=d,yUdrl^)oy^2, 

dxl^{z) = (9a7i') ° 7i2 + dxlUdrli) o 7i2(^)- 
Hence 9^~-''(9^7^2 is a polynomial in 

[(drl^) ° li2]'\ d'All {d^rdhi) ° 71^2, a + 6 < fc, 6 < J. 
Assume that Fi, F2 are in Then functions in (I23D are in so F12 G (H) . 

For u G B^~^"'^ {VLy^), we express d''~^d{{u^ o 

F2) as a linear combination of {d''^d]^{u^ o 



6 



r^)) o ^ B"'^, whose coefficients are polynomials in entries of (12 ■4p . Here we replace 
the (a, b) in (El]) by (aa, ^2); also ai + k < k and &i + 62 < J- Therefore, u G -B^+^'^^HrJ. 
Assume now that u G (9^2^ J . Then d'^~'^d\{u^ o is a linear combination in 

d'^^d^^iu'^ o 72), whose coefficients are polynomials in (12. 5p with (a, 6) being replaced by 
(02, &2)- Here tti + bi < k and &i + &2 < j- Thus, we get u G B^~^°'^ (dQ^^) ■ 

(iv). Assume that ri,r2 are in C'^"'""'-'(f2). By the independence of r^2 = ^12 in A and 
(i), we know that all functions in (12. 4p are in C"'''(f2). Furthermore, 

|(9»^9jn«^ o ro) o - {d'^'dl^iu^ o r^)) o t,,\^ 

Let u G C'^+^'^XHrJ. The above inequality shows that {d^'dl^iu^ oT^)) oT^^ are in C"'°(n). 
By (ii), the latter is closed under addition, multiplication, and division (for non- vanishing 
denominator); hence, u is in C'''^'^'^ {0,^2) ■ By analogy, we can verify that C'^ (9fi^ J = 
C^~^"'^ (dfly^) . For (iii) and (iv), the equivalence of norms is easy to verify, too. □ 

We now set up some notation to be used throughout the paper. 

We assume that Q and are bounded domains of at least boundaries. We denote 
by 7o the outer boundary of fl and by 71, ... ,7^ the connected components of its inner 
boundary. Without loss of generality, we choose the standard orientation for dQ and 
dQ^ and assume that embeddings 7'^: dQ — )■ dQ^ preserve the orientation and send 
outer boundary to outer boundary. Denote by r and the unit tangential vectors of dQ 
and dn^ that agree with the orientation, and by u and u'^ the outer unit normal vectors 
of dQ and dQ^. The arc- length elements on dQ and dfl^ are denoted by da and da"^, 
respectively. Sometimes, we parameterize dQ by 7(t) in arc- length such that dt agrees 
with the orientation of dQ, and we regard and 7'(t) as complex numbers instead of 
vectors. With the above notation, on dQ we have 

(2.6) df = drf da, da{C) = dC, da^ = |(9,7^| da. 

To simply the use of the chain rule, we need to compute derivatives in dQ^ or Q^. At 

z'^ = j^iz), we have 

(2.7) = \drl'\-'drl\z), {d^.u'){z') = \drl\z)\-' dr{u\^')) (z) . 

Combining with [d\,dr] = 0, on Cl'^{dQ-y) and with 7 G Cl'^{dfl) we define and compute 
the following commutator: 

(2.8) [5a,9..](/\^^)) = 9a[9..(/\^^))]-9..[9a((/\z^)))], 

(2.9) [dx,d,.] = \d^^l'\dx\d^^^'\-%. = -{dx\og\d^^^'\)d,.. 

Therefore, for 7 G Q'^(<9fi) nCl'°{dn), we have 
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whenever the exponents are non negative. For 7 G C'^'^{dQ), we have 

d^x : C'^'^idQ^) C''-^'^{dQ^), k-l>j- 

[dx, d^x] : C'^'^idn.,) C''-^^'-\dn^), k>j + l>2; 
[dx, drx] : C'^'^idQ^) C''-^'^~\dQ^), for 7 G C'^+^'^idQ) and k>2. 
Throughout the paper, we denote by Ck+aj, or C, a constant which depends on 

(2.10) sup|det(r^)'|o\ |(r^)'|o, ||r||fc+,,„ Hfr^lo, Ifk \i\k+a, 

X 

where 7 is a parameterization for dQ of class 0'^+"' n C^. We also denote by Ck+a or C a 
constant which depends on the last three quantities. The constants Cl_^_^J will depend only 
on quantities in f l2.10p . where ||r||fc+Qj is replaced by |r|;+Q,j. 
A consequence of f l2.7p -( l2l9l) is the following. 

Lemma 2.3. Let dVl G C'=+" n C\ Let 7^ embed dVl onto dVl^ with 7 G (^fi) n 

C^'%dn). Then {u^} G if and only if {d^^dlu^} or {dld^^u^} is m 

for every (a, b) with a + b < k and b < j . Moreover, 

^fc+ojII^IU+aj — sup ||(?^A9^'U''*||a,0 ^ C'fc+Q,j||'^IU+aJ■■ 

These conclusions remain true ifC'^^'^'^ andC"''^ substitute for B^^"''^ andB'^'^, respectively. 

We distinguish the first-order derivatives on by in real variables and denote 
the first-order derivatives on Q by (9^. Then for = r^{x) 

(2.11) d^xu^ = (9,r^)-^9,(n^ o r^). 

Combining with [9a, = 0, we define and compute on Cl'^{Qr) with T G Cl'^{fl) the 
following commutator: 

(2.12) [5,,9..](/^(x^))=9,[9..(/^(x^))]-9,.[9,((/^(x^)))], 

(2.13) [dx,d,x] = dxmT')-')d,r^d,x. 

We denote by d'^x the derivatives of order a in a;^. The following can be verified easily. 

Lemma 2.4. Let embed U onto with T G i3''+"'^(n) n C^^°{n). Then {u^} G 
^fc+aj^Q^-j z/ and only if {d^xdxU'^} or {d^d'^xU'^} is in i3°''°(f2r) for every (a, 6) with 
a + b < k and b < j . Moreover, 

^k+a,j\\'^\\k+a,j < ^ \\dx>-dx'U^\\afi < Ck+a,j\\u\\k+a,j- 
a+b<k,b<j 

The conclusions remain true if C^^'^'^ andC^'^ substitute for B^^'^'^ and B""'^ , respectively. 

We have seen the dependence of spaces C'^ in parameterizations through Lemma 12.21 
Throughout the paper, we assume that 7'^ is the restriction of on dVL. We will return in 
section [8] to further discuss the spaces C'^+i+^J' and g'^+^+'^J and define Holder spaces for 
exterior domains. 
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We conclude the section with further notation. Recall that f2 G is bounded and has 
the standard orientation. On dfl x dfl and off its diagonal, define K{z, () = ^dr^ arg{z — (). 
By (12. 6p . we have K{z, () da{() = ^d(^ a.Yg{z — () and hence 

[ K{zX)da{C) = 1, zeOn. 

JdQ 

A basic property of kernel K is that \K{z, Q\ < C\( — z\°'^^ for ^ ^ 9Q, when dQ G C^^" 
with < a < 1. By Fubini's theorem and Holder inequalities (or Young's inequality), we 
have two bounded operators on L^^dQ) {p > 1) 

JCf{z)=[ f{OK{z,Oda{0, IC*f{z)= [ f{OK{C, z) da{0. 
Jan Jan 

These two operators play important roles in solving the Dirichlet and Neumann problems. 
We will regard /C and K,* as operators on L^{dQ), unless otherwise specified. 



3. Integral equations for Dirichlet and Neumann problems 

Let Q he a. bounded domain in C with boundary and let / G L^{dQ). On Q and 
f2' = C \ f2, the double and simple potentials with moment / are respectively 

(3.1) Uf{z) = -[ /(C)9,,arg(z-C)rfa(C), 

Jan 

(3.2) Wf{z) = - [ /(C)log|z-C|rfa(C). 

TT Jan 

The following formulae lead the solutions of the Dirichlet and Neumann problems via the 
Fredholm theory. 

Proposition 3.1. Let dQ G C^^°' with < a < 1. Suppose that f is a continuous function 
on dfl. Then Wf is continuous on C and Uf extends to functions U^f G C°(i7) and 

u-fec\lv). On an 

(3.3) U+f = f + ICf, U-f = -f + Kf- 

(3.4) d,Wf = f + IC*f, -d_,Wf = -f + IC*f. 

Proof. Recall that we parameterize dQ by 7(t) such that dt is the arc- length element 
agreeing with the standard orientation of dQ. Let I be the arc-length of dQ. We abbreviate 
/(7(t)), r(7(t)), and z/(7(t)) by /(t),r(t), and i/(t), respectively. 

Write 7(t) = 7(5) + r(s)(t - s) + i?(t, s) with \R{t,s)\ < |t-s|/4for \t-s\ < 1/C. Then 



(3.5) V/i2 + \t- s|V2 < |7(s) + hiy{s) - 7(t)| < + \t - s\^. 

For a later purpose we remark that the above merely needs 7 G C^. Note that z/(t) ■ 
(7(t) — 7(5)) = z/(t) ■ /*(7'(r) — 7'(t)) dr. Returning to condition 7 G C^^", we have, for 
\t-s\<l/C, 

Wit) ■ m - ^{s))\ c|.-tr+" 

^ ' W{s) + hu{s)-^{t)\^-\t-s\^ + h^- ^ ' ■ 



In particular, 



, / ,N def ^ ... .... Z/(t) ■ (7(t) - 7(s)) 

k{s, t) = dt arg(7(s) - -f{t)) = 



l7(^)-7WP 

satisfies \k{s,t)\ < C\s — and k{s, ■) is integrable. 

Recall that 



Uf{z) = - f f{t)dt^ig{z-^{t))dt. 
^ Jo 



Fix a small e > and 7(3) G Let 6 = dist(z, dQ). Choose such that |7(s*) — z| = 5. 
Note that as 7 G C^^" with a < 1, may not be unique even if 6 is sufficiently small. 
Nevertheless, z = 7(5*) + 5z/(s*). Let [2; — 7(5) | be so small that |s* — s| < e/2. We have 

arg(z - 7(t)) = '-(^)-(^(^)-^(^-)) + ^(^) • - ^) 

Ctarg^z 7^tjj |7(t)-z|2 + h{t) - ' 

By dSSD-dSlD, we get 

Since s^, depends only on z, this shows that 

el 

dt < Co, z eC 



(3.7) / atarg(z-7(t)) 

^0 

Here Cq is independent of s*, 2; and 6. We have 

- fisWt arg - 7(t)) - 9i arg (7(5) - 7(t))) 



<2||/||o sup |9,arg(^-7(t))-9,arg(7(s)-7(t))|+2Co sup 

|C-7(s)l>e |t-s|<e 

By (13. 7p and the continuity of / at s, we conclude 

(3.8) lim f\f{t)-f{sm^ig{z-^{t))dt 

\f{t)-f{sM^Tg{j{s)-j{t))dt. 

Expand both sides. By the values of dt arg(z — 7(t)) dt on C, we get (13.31) . 
For ([33D, recall that 

Wf{z) = - f f{t)\og\z-^{t)\dt. 

Jo 

We want to show that the interior and exterior normal derivatives of W f exist at 7(5). Let 
\h\ > be small. By the fundamental theorem of calculus, we have 

Wf{^{s) + hu{s))-Wf{^{s)) ^ f' u{s)-{^{s)-^{t))drdt 
Vvr io Jo ^^M7(^)+rM^)-7(t)P 



' f{t)rhdrdt 




Jo |7(s)+r/iz/(s)-7(t)|2 
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We see that Ri{s, h) tends to f {t)'^^^{^p!^i^ dt as h ^ 0, by ^Ml and the dominated 
convergence theorem. 

Decompose R2 into integrals R[, R" in {t, r) with \t — s\ < e and \t — s\ > e, respectively. 
It is immediate that, for fixed e > 0, R'^{s, h) tends to as /;.—;■ 0. Note that the integrand 
in i?2 does not change the sign when / > 0. By the continuity of /, it remains to show 
that when / = 1 

(3.9) lim lim R'(s,h) = tt, lim lim R'(s,h) = — tt. 

Let E{s,t) = 7(s) -7(t) +7'(s)(t- s). Then \E{s,t)\ < C|s and for \h\ < 1 

|7(s) + hi^{s) - 7(t)|2 = I - r(s)(t -s) + hp{s) + E{s,t)\^ 

= {s -tf + h"^ + E{s,t,h), 
\E{s,t,h)\ < + < 2Ce"{h^ + \s-t\^). 

Let h tend to 0"*" and then let e tend to 0"*". We get 

rh drdt 



i?:(s,/i) = (l + Ce-) / f 

J\t-s\<e Jo 



ty + {rhy 



TT. 



t-s\<e 

This yields the first identity in (13. 9p . The second is obtained by analogy. □ 
Let n be a bounded domain in C with boundary. Recall the Cauchy transform 

onC\dn for / G L\dn). Away from dn, 

Uf = 2ReCf, for/ = 7; d,W f = -iC[Tf]. 

We will derive estimates of Uf, Wf via Cf, when / is in Holder spaces. 

Lemma 3.2. Let < a < 1 and let k,l > be integers. Let Q be a bounded domain in C 
with dn e and let Q' = C\n. 

(i) Let f be a function in C°((9f2). Then Cf extends to functions C~^f G C"(f2) and 
C-f e C"(n'). Moreover, on dn 

(3.11) C-f{z) = ^[ l^^tiMldC, C^f{z)-C-f{z) = f{z). 

2tii Jq^ z-C 

(ii) Let f G C'+°((9fi) and dn G C^+^+^ with k + 1 > I. Then C+f G C'+"(n) and 
C-f G C'+"(ry). /// and dVl are real analytic, then C+ f G C^(p). 

{Hi) If f E L°°{dQ), then Wf extends to a continuous function on C. 

Proof, (i). Let z ^ dQ and let z^, = 7(3) satisfy \z — = dist{z,dQ) = 6. Assume that S 
is small. We have 



27rz Jon (C - zy 



By dSSD, \{Cfy{z)\ < C J^{r + 6y-^ dr < C'6~^+'' = C dist{z,dQ)-^-^" . By the Hardy- 
Littlewood lemma, Cf is of class C" on Q and Q'. 
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To find the boundary values of C^f and C f, it suffices to compute limits of Cf in the 
normal directions. Let z = 7(5) + (5z/(s) G Q' and = 7(5). Write 



2vri Jon C- z 
By fl3.5p . we obtain 

\fm)-f{^{s))\ ^ 

|7(t)-2;| 

By the dominated convergence theorem, we find on dVt 



2vr2 Jen ( - z^ 

Analogously, we can verify the formula for C^f. 

(ii). For higher order derivatives, for / < A; + 1 we get from (12. 6p 



27ri Jen iC- 27rz Jg^ C, - z 

By (13. 5p again, we obtain 

(3.13) \d[Cf{z)\ < |(r9,)V|o + C7i|(r9.)7U, 

\d[^'Cf{z)\ < Ci|(r9.)7Udist(z,9fi)-i+". 

Therefore, C/ is of class C^^^ on and Vt' . 

For the real analytic case, we note that the constant Ci in (I3.13P is independent of /. By 
Taylor's theorem, a function / on with dVt G is real analytic if and only if 

\d^if{z)\<t\j\c'+^+' 

for some C > 1 independent of z. Note that |(r(9^)7U < '^l(^<9^)'+7(-2)|o- By (137[3|) it 
suffices to show that near each point ^ f^^, we have 

(3.14) \(jd,yf{z)\<C'+H\. 

Let X — v^(x) be a local real analytic parameterization of dQ with <^(0) = zo- Then 
((iV3~^)(r9T-) is given by A{x)dx with A 7^ 0. Extend (p{x), A{x) and f((f{x)) as holomorphic 
functions and denote them by the same symbols. We find local holomorphic coordinates 
z = ij{w) such that {d^i:)-\Ad,) = d^. Then (r9,)7(C) = dl{f 0^0 ^){w) with 
C, = if o iIj{w). Since f o (p o ip is holomorphic, we get (I3.14p easily. 

(iii). One can verify the continuity of Wf via (13. 5p . □ 
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4. Derivatives of JCf and )C*f 

In this section, we recall some calculation on kernels by Kellogg [6], [7] and express ]C 
and K.* via the Cauchy transform. We write i/^(t) = i/(t),r^(j) = r(t) and /(7(t)) = /(t). 
Let be the j-th component •jj of Sfi. Recall that 70 is the outer boundary of dQ. Set 
/_i = 0. 

Lemma 4.1. Let 00. G C'^+-'^+" wt/i A; > and < « < 1. On dVt x dVt, we have 

(4.1) \d'^K{C,z)\<C,+,+^\z~Cr\ 

(4.2) |ir(^2,C)-^(^i,C)l<Ci- 



\Z2 - Z\\ 



(4.3) \d^,^K{i,Z2)-dl^K{C,,z,)\<C^^, 



2-a ' 
^2 - ^1 1 



IC - zi\ 

where the last two inequalities require \( — Zi\ > 2\z2 — Zi\. 
Proof. We first verify (14. 2p . We have 

dt arg(7(s) - ^{t)) = N{s, t) = u{t) ■ j\i{r) - i{t)) dr. 

First, we obtain |A^(si,t)| < C\t - si|i+" and 

117(^2) - lit)? - \l{s{) - 7(t)n <C\s,- s,\{\t - s,\ + \t- s,\). 

Note that 

"52 



iV(s2, t) - N{s,,t) = -u{t) . / (7'(r) - 7'(t)) dr. 

Jsi 

Using |7'(r) - ^'{t)\ < \^'{r) - 7'(si)| + \^\t) - 7'(si)|, we obtain 

\N{s2,t) - N{si,t)\ < C{\S2 - + \S2 - s,\\t - Sir). 

Combining the above, we get for |t — Si| > 2\s2 — Si\, 

\K{s2,t)-K{s,,t)\<C^^^^. 

To verify (14. 3p . we may assume that x'{t) 7^ for t near s. For a later use, we remark 
that the rest of computation does not need dt to be the arc- length element. The condition 
x'{t) 7^ is only to ensure that C^^\t — s\ < \x{t) — x{s)\ < C\t — s\. Following [7], let 

{x{t) - x{s))q{s, t) = y{t) - y{s). 

By (12.71) . we have dru{i{t)) = \dti\^^dt{u{i(t))). By arg(x + iy) = arctan(y/x) mod vr, 
we get 

where Qj are C°° functions in |c}f7|~^, dtj, . . . , c?f^^7, and g(s, t). Hence (14. 3 p follows from 

(4.4) \dt,t'q{s,t2)-d^^q{s,t,)\ < C,^, J^'~l'[ . 

\s — ti 
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Differentiate the equation and solve for dlq. Then {x{t) — x(s))'^^^(9f^^g equals the deter- 
minant 



x{t) — x{s) 
x'{t) x(t) — x{s) 








x"{t) 



Qx'it) x{t)-x{s) 








y'it) 
y"{t) 



x(t) — x{s 

k 



y^'Kt) 



TZkfis, t) = t), Rkfis, t) 



Multiply the i-th row by j^{s — ty and add it to the first row. The entries in the first row 
become 

— {s-ty{Vk+i-jx{s,t)-x{s)), 0<j<k, Vk+iyis,t) - y{s), 

where 'Pfc/(s,t) denotes the Taylor polynomial of degree k of f about s = t. Then the 
remainder 7lkf{s,t) = f{s) — Vkf{s,t) can be written as 

Therefore, 

fc+i 

(4.5) {x{s)-x{t))''+^d^+'q{s,t) = {s-t)''+'[PoRk+ly{s,t) + Y,P^R^<s,t)y 

i=l 

where Pi{s,t) are polynomials in dt'j, . . . ,d^'^^'j,x{s) — x{t). Then (14.11) follows from 
|^fc+i7(s,t)| < C|7|fc+i+a|s — Assume that \s — t2\ >2|t2 — We have |i?j7(s,t2)| < 
C|s-ti|" and 

k+l+a 

Using \t2-ti\ < |s-ti|i^"|t2 - til", we get 

lis - hf^' -{s- ti)^+i| < C\s - til'^+i-lta - til", 

\ix{s) - x(t2))-'-' - {x{s) - x(ti))-^-2| < C\s - tir'^-^-lts - til" 

By the above inequalities, we get (14. 4p and hence (14. 3p . □ 

We need a function B, which plays an important role in Kellogg's first-order derivative 
estimate. Define a single-valued continuous function nQ{t,t) on [0,/], which measures the 
angle from the to the tangent line of dQ at 7(t). Set 

e(s, t) = e(s, s) + - / 9, arg(7(s) - 7(r)) dr, s, t G [0, /]. 

Then (9te(s, t) = K{s, t), e(s, t) = e{t, s), and e(s, /) - e(s, 0) = 1. 

Lemma 4.2. Let G mt/i A; > and < a < 1. Let = {s : < s - (/q + . . . + 

k-i) < h}- 
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(i) Let ip G L}{dVL). In the sense of distributions, 
(4.6) ds f ^i^{t))e{s,t)dt= [ <^(7(t))ir(7(t),7(s))rft, seh, 



(4.7) d'; [ v{OK{C,z)da{0= [ ^{Od';K{C,z)da{0, z e dQ. 

Jan Jdn 

(a) If if and dr^p are in L^{dfl), then on dQ and in the sense of distributions 

(4.8) dr f ip{OK{z,Oda{0 = - [ dMOK{C, z) da{0. 

Jan Jan 

Proof, (i). Note that 6(s,t) is a continuous branch of ^ arctan on [0,/] x [0,/]. 

Then 

ds 1 ^{t)e{s,t)dt= I ¥^(t)5,arg(7(s) -7(t))rft 
holds on li when j ^ i. It suffices to verify that on Jj 

ds f ^{t)Q{s,t)dt= [ ^(t)9,arg(7(s) -7(t))cit. 



Thus we may assume that dQ = 7^. We have 




Jo 



t-s 



Hence, 

rl rl rl rl 



[ [ \ip{t)dsQ{s,t)\dtds<C ! [ ^^^c/trfs < CVIli- 
Jo Jo Jo Jo F ~ -^l " 



Therefore, \ip{s)dsQ{s,t)\ ds is in L^{dfl). For a test function (p on (0,/), 
0'(s) / (p{t)e{s,t)dtds = I (p{t) I (j)'{s)Q{s,t)dsdt 



I pi 

(f){s) / (p{t)dsQ{s,t)dtds. 







which gives us (14. 6p . 

To verify (14.71) . we let > 1 and use 



Let be a function on dQ. Let XeiC^^) — 1 be a functions on dQ x dQ which has 
support in 1^ — ^1 < e such that \xe\ < 1 and \dr^Xe{C^ ^)l < C^^^- Now 

d^Mz) J ^{Od';:'K{C,z)da{Oda{z) 
lim f ^(0 / Xe{C,z)drA<l>{z)-m]d';:'K{C,z)dcr{z)da{0. 
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Write the last double integral as —1'^ — I" with 

!': = I m I Xe{C,zMz)-<j>{CMK{C,z) da{z) rfa(C). 
Then tends to uniformly in ^ as e — 0, because as e tends to 
I {d,^Xe{C,z)mz)-m]d';:'K{C,z) da{z) 

<Ce-' sup |0(^)-0(C)| / \d';;'K{C,z)\da{z)^0. 

\z-(\<e J z£dQ,\z-C\<e 

Since \xe\ < 1 and |(0(z) - 0(0)5^ K{C, z)\ < C hy (gl]), then lim.^o/" equals 



/" = j viO j[4>{z)-<P{CMK{C,z)da{z)da{C). 

Since k > 1, then 

/ d'^KiC, z) da{z) = Mm [ d'^K{C, z) da{z) 

J ^^^J\z-(:\>t 

= hm{d';:'K{C a - d'-'KiC C)} = 0. 

Here we have used the continuity of d'^~^K{(, z), and identities {Q, = dQr\{z : — CI 
e} for small e and lime^o Ce — z = linie^o C- Now (14. 7p follows from 

^(0 / <P{z)d'K{C,z)da{z)da{0. 



(ii). When dQ is parameterized 7(t), at z = 7(t), we have drf{z)da{z) = df{z) = 
dtifilit))) dt. Then (14.81) is obtained by integration by parts and (14. 6p . □ 

We have seen from (14. 8 p that differentiating integral operator /C inevitably leads to the 
kernel /C*. To recover a loss of regularity in Kellogg's arguments. We will need to combine 
(14.11) and (14. 3 p with estimates on /C, /C* from the Cauchy transform. 

Lemma 4.3. Let dQ G 0'^+'^+°' with < a < 1. Then for a real function ip G C"((9f2), 

1C^ = 2 Re{C+tlj} -tfj, IC*ilj = tlj-2 Re{rC:+(r^)}. 
In particular, /C*(C'^+°(9fi)) C C'=+"((9fi); and for l<k + l, /C(C'+"(9^])) C 

Proof. The first formula follows from (13. IIP immediately. Parameterize dQ by 7 in arc- 
length. By a simple computation we obtain 



(4.9) arg(7(s) - 7(t)) = - Re{j' {s)j'{t))dt arg(7(s) - 7(t)) 



-Im(7'(s)Y(t))9tlog|7(s)-7(t)|. 
To verify the second one, we use (14. 9 p to decompose 



/CXz) = 1 [ mdr. arg(z - C) da{C) = .h{z) + Uz) 
I an 



TC 
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with 



J,(z) = -4,iz) + -ReU [ {i;{z)T;-i;{C)T^)dr^aTg{z-C)da{C)], 



an 

Mz) = - ImU [ ii;iz)T; - i^iCWdr, log\z - C| rfa(C) \. 
^ Jan 



dC 



By a simple computation, 

K:*^{z) = -^{z) + - ImU [ {^{z)t; - i;{C)T^) 

^ Jdn C-z- 

Therefore, }C*iIj = —ip — 2 Re{rC~(r^/')}. The assertions follow from Lemma [3.21 



□ 



5. Kernels with parameter 

We have derived estimates for K, K* and Cf . In this section we modify the arguments 
for the parameter case. The requirement that A; > j in the Holder spaces C^^'^'^ {dVL) will 
be evident in identity (I5.17p below and in the proof of Lemma for the Cauchy transform 
with parameter. 

Lemma 5.1. Let Q be a bounded domain in C with dfl G C^. Let embed fl onto fl^ 
with r e Cl'^m. Let z^ = T^{z) and k > 0. For z,C eQ with ( z, 



(5.1) 

(5.2) 

(5.3) 
(5.4) 



1 1 



ir^-r^li 



(x^(C) - x^(2))*= (x^ic) - x^{z)y 



" IC-^I 



d^,hg\C' -z^\\<C* j>l. 



d^^ log \C - - di log ic" - ^1 < cuv^ - V\,, J > 



where i\5.^ is for C,z E dQ and under the assumptions that \dr^x^\ > l/C^, and \x^ — 
x'^\i,\( — z\ are sufficiently small. Assume further that G Bl'^°''^ {dVL) . Then for ( G dfl 



(5.5) 



\did^.aTg{C-z')\<C- 



l+a,j 





+ dist(;z,(9fi) 




to 



Proof. Since are embeddings with F G C^'^{Q), we have 
(5.6) |^_^|/C<|C^-^^|<C|C-^|. 



Take a path p inQ such that p(0) = z,p{l) = ( and \p'\ < C\C - z\. When j = 0, 
follows from | log(l + a;)| < 2\x\ for |x| < 1/2 and 



(5.7) 



v{dir^-d^,r'){p{t)).p'{t)dt 



< CIT" -T\j\C- z\. 
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And (15. ip follows from f l5.6p - fl5.7p too. By analogy, one can verify (15. 2p . For j > 0, 
^^[ log I — 2;'*' I is a linear combination of 

and their conjugates, where a > 1 and ii < j. Using \d{{(''^ ~ z^)\ < Ci,j\C ~ z\, we obtain 
(15. 4p by (15. 7p and (15. 3p . Note that may not extend continuously to 2; = C- 

To verify (15. 5p . we choose local coordinates such that Q contains [—1, 1] x (0, 1] 

and contains [—1, 1] x {0}. Assume that ( = ^ + iO, z e ^ and \(\ + \z\ < 1/2. Then 
7^(x,?/) = dx'j'^{x,y) is tangent to dQ^ and 



7r(e,o)(7^(e,o)-7'(x,i/)) 



a,.arg(C'-z^) = |7i\e,0)r^Im 

Set 72 (x,?/) = dy'~^^{x,y). We have 

7^(a;,i/)-7^(e,0)= / {(x - 07i + r(x - 0, 0) + ^72 (x, ry)} rfr, 

Jo 

Im {7i\e, 0)(7^(e,0)-7"(x,y))" 



= Im |7i"(e, o)[(x - 0^i7i (a;, + yR\i2{^. y. 0] | , 

(5.8) R^^l{x,y,i)= [ [7i(e + r(x-O,0)-7i(e,0)]cir, 

(5.9) Rl^^{x,y,0= [ ll{x,ry)dr. 

Jo 

Therefore, dj^d^x a.Tg{(^ — z^) is a linear combination of 

(5.10) |7i"(e, 0) Im|9^7i^(e,0)[(x - O^i^^ 7i'(x, 2/, 

+ l/i?tai^72(^,l/,0]}4(e,x,2/). 
Here io + H + ^2 + h = j and g^^ (^, x, y) = |7'^(^, 0) — 7^(x, y) |~^. We can verify that 

By the arguments for (I5.3p - (I5.4I) . we obtain 

\qU^,x,y)\<C\z-C\-'- 

By dElD-dSl), we get \Rid{'^^{x,y,0\ < Ci+,,,|x-er and \Rld{'^^{x,y,0\ < In 
(I5.10p . we have y = dist(2;, dfl) and |x — < jz — C|- Combining the above estimates, we 
get O. □ 

Given a family of continuous function on dQ''^, let C^f be the Cauchy transform 
defined off dQ^ by (13.101) . Let C^f be its restrictions on Q^. Denote by W^f and U^f the 
single and double layer potentials with moment on dQ^. Denote by W^f and U^f their 
restrictions on fi^ and extensions to fi-^ if continuous extensions exist. 
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It will be convenient to use notation 

(5.11) W^\i+a,j = max \d{{u^ o T^)\i+a, \\u^\\k+a,j = max \u^\k+a-i,i, 

(5.12) \u^ - u\+^^, = max o r^) - d{{u^ o r^)|,+„, 

(5.13) \\u^ - u^\\k+a,j = max - j < k. 

Define analogous norms by replacing F'^ with 7'^. 

Proposition 5.2. Let embed H onto with T E 8''+^+'''^ (U) . Let j < k and j < I < 
k + 1. With the norms defined by (TO - lTOj) and i\5.11\) - i\5.1S\) . we have 

(5-14) ||C+/||o,0 < Cl,o|/U,05 < Ck+l+a,j\\f\\l+a,j, 

(5.15) wc^^f - c^/||o,o < c^^oiir" - r'\^\f\ + f%,o), 

(5.16) - clfWi^a, < Ck+i+^,i\\r^ - r^|U+i+.,,|/"|,+a + fh+a,). 

If dfl is real analytic, T^{z) and o r'^(z) are real analytic on Q x [0, 1], then C^f o T^{z) 
and W^f o T^{z) are real analytic on Q x [0, 1] too. 

Proof. Let z E Q. Take z^ G (9^2 such that \z^ — z\ = dist(z, dQ). We have 
Denote the last integral by y4'*'(z). By (15. ip it is easy to see that 



\A'^ - A'lo < Ci,o(lir - /lU,o + l/'U|r^ - r^li) / MCI- 

The last integral is bounded by a constant; indeed when 6 = dist(z, dQ) is sufficiently small, 
for 2* = 7(s) and C = lit) we have |(^ — z^,\ < C\s — t\ and \z — (\ > {6 + \t — s\)/C. This 
verifies fl5.15p . By Lemma [3. 2 [ C^f is continuous when A is fixed. Then fl5.15p also implies 
that C+/ is in C^'^{Q-p)- One can also verify the first inequality in (I5.14p . Notice that the 
proof merely needs F G C^'°(fi). Next, we will verify f l5.16p and the second inequality in 
flSlijl . Note that f l516|) and Lemma O implies that C+f is in C^'^iUr). 

Denote by d^x the derivative in 2; on By analoge of Lemma l2^ it suffices to estimate 
norms for dz^C^f- We ffist consider the case where j = 0. Differentiate C'^f and then 
apply Stokes to transport the derivatives to /^(7'^(C))- By f l3.12p we have 



where d^-x = t^Ot-x. We have 

d.9\z^) = d.T\z)l\z), I\z)=f ^^^^l^^dC. 

Jan ~ z ) 
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Note that by the product role, 9[a/'^(C'*') involves derivatives of order at most / in (^'^ and 
/^(C^). Thus \h% < Ck+i+a\f^\i+a- We can verify that 

\l\z)\<C\h\[ \(^ - z^\"-^ da < C'\h\ [ K-zl^-^da 
Jan Jdn 

<Ck+iUf\i+o.dist{z,dQr-\ 

Combining with the first inequality in f l5.14p . we get its second inequality for j = 0. Also, 
by 1^ 



\I^^{z)-l\z)\<C{\W'-hX,o + \h%\r''-r'U) [ \c-zr'da{0. 

Jan 

Thus, - I^{z)\ < Cdist{z,dn)''-\ For / < + 1 we obtain 

\\g^ - g%,o < CiWh'^ - h%^o + IhWr'^ - r^U+i+a). 

Note that \\h^^ - /l^|U,o < Ck+l+ai\\F - /^lU+l+a,, + \f%+l+a\r - foT I < k + 1. 

This gives us f l5.16p for j = 0. 

Assume that j > and (I5.16P is valid when j is replaced by j — 1 . Here we need a crucial 
cancellation. By (12. 6p . we have d^y^ = dr'^^da, i.e., dC,^ = drX^ da{(). Thus 



'c 



1 f {d,e-d,z')f\c>j^^. 



-dC 



We apply integration by parts to the second term and write the above as 



27^1 Jan e-z' ^mjgn - 



Cancelling two second-order derivatives, we arrive at 



(5.17) o.M)^±[ ^^(/-(C-))-^^£(_^.C-)-a,(/-(c-))^^, 



Now f l5.16p follows from the induction hypothesis where (j, /) is replaced with (j — 1, / — 1). 
By a simpler computation, estimates f l5.14p for j > follow from (15.170 too. 

The proof for real analyticity in Lemma 13.21 cannot be applied to the parameter case, as 
generally we cannot normalize two differential operators simultaneously. Instead, we will 
prove it by estimating Taylor coefficients. We start with 



(6,18) 3^XC'!(^))^?^j^^jMf^^.^ 
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Analogous formula holds for dz{C^ f (z^)) . By f l5.17p -( l5T8|) . we express 



1 = 1 



(5.19) dldid^'-~^C>lf\z') = i^^-,.,(.^)C^{gJ,,.,(C')}(r'^ 



Here Pi^j^k,ii^ )Qi,j,k,iiC ) is the product of elements of the form 

d^^dl^ifie)); L{C,z,X) = {dxz\d.z\d,z\d,C\{dre)-\T^). 

Let us explain how the above terms are used. We introduce L that includes all first-order 
derivatives appearing in fl5.17p -f l5rT8|) and dzZ''' in the formulae analogous to flS.lSp . except 
those of /. To count the total of the orders of derivatives efficiently, we will count the 
first-order derivatives appearing in L separately, when fl5.17p or (15.181) is used each time. 
Set &6 = C4 = ■ ■ ■ = C7 = 0. For the purpose of counting, we duplicate the above terms 
associated to (a„, bn, c„) forn < 7 and denote by the number of the copies associated to 

(a„,6„,c„) that appear in Plj^k,iQlj,k,i- Since <9^'9^'(/^(C^)) appears once in Plj^k,iQlj,kp 
we set rrij = 1. By an abuse of notation, we have not expressed the dependence of m„ on 
i,j,k, I, an', bn' and c^/. Nevertheless, we have 

7 7 
dk = max y^m„(a„ + bn + Cn) < k, TT(a„!6„!c„!)™" < k\. 

n=\ n=l 

Since z^ and f^{C^) are real analytic, we have 

1^1 < Co, \d''^d^dlz^\<{a + b + c-iy.Ci;+''+'', a + b + oO, 
\crAidxCMdrer\n, f\e))\ < ia + b)\CS^'+\ 

Here the last inequality is obtained by using real analytic parameterization in arc-length. 
Thus, the product of the terms in Pi'j kiQ^ j kv excluding these in L, is bounded in sup 
norm by 

7 

(5.20) WianW-CnT'^C'^"'-""^^^^"'^^ < C^kl. 

n=l 

Next, we count 1^, the maximum number of first-order derivatives in L which appear in 
each P^jkiQijki ^s i,j and / vary. From (I5.17p . taking one derivative in dx produces at 
most two terms in L; from fl5.18p . taking one derivative in 2; or ^ produces two terms in L. 
Therefore, < 2k + 1. Thus, the product of the terms in L that appear in Pi^j^k,iQi,j,k,i is 
bounded in sup norm by < Cl^^^. Combining with flOOj) . we get 

7 

n=l 

Finally, we count the maximum number of terms in (15.190 . When we take one derivative 
in A on C^/, we get 3 terms by using (I5.17P : when we take one derivative in 2; or ^ on C^/, 
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we have just one term in (15.181) . Therefore, 

(5.22) Nk = max A^^ ^.^ < 3^ 

We have \Qij,k-i,ii-^ < C'i|<5i,j,fc-i,/(-, Oli- Taking a (-derivative on i^j, ^-i,/ ■ Qi,j,k-i,i 
introduces at most terms of the form P^ji^^ ii x Qi/j/^k ii- This shows that 

\Pi,j,k-l,l{-)\o\Qi,j,k~l,l{-)\a < NkCi max \Pi' j' ,k,l'{-)\o\Qi' ,j' ,k,i'{-)\o 

< C^?>''k\Cf+\ (by dESI]), (IE22D). 
By (I5.19p . (l5.14p and the above inequahty, we obtain 

\dldidl-'-'-'^ {Clf\z^)}\ < N,_,C^,o\P^,k~l-^A■, ■)\o\Q^,k-l-^,l{■, 

< CiCi,o32'=~iA;!Cf +1. 

Using k\ < i\j\{k — 1 — i — j)\3^~^k, we obtain the desired estimate on Taylor coefficients 
to show that C^/'*'(-2^) is real analytic on f2 x [0, 1]. 

It is clear that W^f{z) is real analytic on x [0, 1]. We need to show that it is real 
analytic near {zi, Ai) G ^2 x [0, 1] for zi G dQ. We use a local real analytic coordinates to 
find a real analytic function ip{zQ,z,t) defined on f/ x f/ x [0, 1] such that (p{zo,z,0) = zq 
and (f{zQ, z, 1) = z, where U is an open set containing Zi. Moreover, ip{zo, z, t) is in Q when 
t G (0, 1) and zq, z are in U HQ. Fix zq E U HQ and vary z & U HQ. We have 

W'f{T\z)) = W^f{T\zo)) + 2 Re / {d^m'f) ° r^)}(^(^o, z, t))dMzo, z, t) dt. 

Jo 

Since d^xW^f = -2iClir^f^) and d^xW^f^ are real analytic in {z,X) G H x [0,1], then 
dzW^f is real analytic in z and A by the chain rule. Thus, the integrand in the above 
integral is real analytic in {zq, z, A, t) G ([/nf2)^ x [0, 1]^. This shows that W^f^{z'^) is real 
analytic in (z. A) G i7 x [0, 1]. □ 

We have seen that the kernels oi Uf and Wf behave better than that of Cf for spaces of 
continuous functions. In the parameter case, we have the following analogue of (13. 3 p and 
Lemma [3.21 (iii). 

Proposition 5.3. Let F'^ embed n onto with F G C}'^ . Suppose that preserve the 
orientation. Assume that f G C^'^{dQ^). Then Wf G C^'^{Qr) o,nd 

^ Jan 

Assume further that dQ G and F G -6^+"'^'. Then Uf G C'^^Hr) and on dQ 

diU'lf{z) = -J2(^) [ dl{f\C')}d'r{\d^^\0\dr^^rg{C' - z')}da{0 
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Under the norms defined by {\2.1\) - {\2.3^ and {\5.11\) - {\5.13\) . 

In paHicular, if dQ E C'=+i+°, T e 6^+'^+'^'^ (U) and f G B^+'^'^idQ^) with k > j, then 
W+f G i3*''+^+°'-'(r2r); the same assertion holds if C substitutes for B . 

Proof. We write da^ = da on dQ. Recall from fl2^ that a^{z) = \dr^^{z)\. Fix zq E dQ. 
For zeQ we have &>^U^f{z) = ^ {i)h{z) with 

4'W = - / d',{f'iC')}&'x''{a\Odr^^^rg{z'-C')}da. 
Jan ^ 

Using (15.51) for 7 G Bl^"'^ , we get for / < j 

(5.23) / \d[d^x arg(;z^ - C)\da^ < Ce", zq G dQ, 

(5.24) / \d[d^.argiz'-e)\da'<C, z e C. 
Then, by analogue of (jM]), from / G C°'^ 7 G Bl^^ and (jEMD we get 

(5.25) lim / {d',{f\C')} - dUf\4)m-'{A0d.^ arg(^^ - C^)} da{0 

= / R'{/'(C')}-5t{/'(^o)}}5r'K(C)5.^^arg(;.o^-C^)}rfa(C), 
Jan ^ 

where the convergence is uniform in A. Let < I < j. Note that 

/ 9i{a^(C)9..arg(^^-C')}rfa(C) = 0, z ^ dQ. 
For z = Zq E dQ and 7 G Cl'^ , the last integral equals 
lim / d[{a\Od . argiz^ - da 

= limai{7r - arg(7^ o ^{62) - 7^ o 7(0)) - arg(7^ o 7(0) - 7^ o 7(61))} 



^, . ^ Io{y^°iy{re2)dr loiy^Yirei) dr\ 

hm d), { IT — arctan h arctan > 

/ {x^)'{re2) dr J (x^)'(rei) dr J 



Here we have used arg(x + iy) = arctan(?//x) mod vr and a local parameterization 7 of 
9fi near with 7(0) = zq. Also, dQ intersects — ^^ol = e} at 7(ei), 7(62) for e sufficiently 
small. We have also assumed without loss of generality that ^^^^(^o) 7^ 0. Expanding both 
sides of fl5.25p we get the formula for d^^U^f . Combining the formula with f l5.23p . we see 
that t/^/(-2o) is continuous in A. Then, the uniform convergence of U^f{z^) as 2; — )■ 
yields ?7+/GC0'^(nr). 

Write d''^W^f as a linear combination of 



I aiHa'(C)/'(C')KMogk'-C'M^, 31+32=3. 
Jan 
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Using (15. 3p and (13. Sp . we obtain 

|9f log IC' - ^'11 < C, j2 > 0; I log IC' - ^'11 < C{\ log \t~s\\ + 1), 

where 2; = 7(5) + hv{s)^ ( = 7(t), and 7 is a parameterization of dfl. We conclude easily 
that hj_^j^{z) are continuous on x [0, 1]. This verifies the formula for dlW^f. 

By the formulae of d^W'^f, we obtain W+f G C^'^{flr) and the desired estimate for 
W+f by dEl-dEl, Jq^x I log IC^ - z^\\da^ < C and dist(z, dQ) J^^ |C - da < C for 
z G The assertion on higher order derivatives following from dzWf = —iC[Tf] and 
Proposition 15.21 □ 

To prepare our estimates in section [7] for integral equations with parameter, we use the 
rest of the section to extend Lemma [4.11 to the parameter case. 
For convenience, we will use the following difference operators 

S"'f = F-f\ 6t,t,9 = 9{t2) - 9{h). 

For clarity, we will also write the above as and St^t-iQ^') where ■ and • indicate the 

variables used in the operators. Both satisfy the product rule to the extent that 

where u = X or fi (and two z/'s are different), and = ti or t2- For 7 G B'^^^^°''^ (dQ) , with 
the above notation we have 

Kt^A('' = 5i<^'''{arg(C' - z')}, C\ G dQ\ 

S'^K,^,,iC, z) = K,%,(C^ z^ - Kl^AC\ z'), C, z G dQ. 

Lemma 5.4. Let 7'^ embed dVl onto d^l^ with 7 G C'^+i+^'J' and k > j . Then on dVl'^ x dVl^ 
and off its diagonal, 

(5.26) \Ki^/c\ z^)\ < a^.^^jc - zr\ 

(5.27) \Kl^/C\z^) - Kl^/C\z',)\ < 



(5.28) \6^^Kk_,,,{C,z)\ <Ck+i+ajr-l^\\k+i+a,j\C 



z 



a-1 



(5.29) \6,,,,6^^Kk-j,j{C, ■)\ < Cfc+i+„,,||7^ - 7^IU+i 



\Z2 - Zi\ 

A 





Z2 - Zi 






2- 


-a 



(5.30) \6'^KO,{Z2,0 - S'^Ko,{z,,0\ < Cl^aJY - T\\l+a,j 

where ( [XlTD , (^MB and f fO0|) are for \( - zi\ > 2\z2 - zi\. 

Proof. It suffices to verify (I5.26p - (l5.29p for zi, ^2, ^ near a point w G dQ at which \dr^x'^\ 7^ 
0. We may assume that w = and dQ contains (—1, 1) + iO. We may assume that 
||7''-7^||i,o is sufficiently small; otherwise, (ESSD-dOH]) follow from ( E72^ -( E?I7^ . We may 
further assume that dQ^ is embedded through 7^(t) such that, for \t\ < 1, (x^)' > 1/C 
and |(x'^(s) — x'^(t))^^\ < C\s — t\~^. In the following, we assume that s,t,ti and ^2 are in 
(-1,1). Define q^{s,t) = {y^{s) - y^{t))/ {x^{s) - x^{t)) and 

Kl,,{s, t) = did^-^'-^q'is, t), S"^k,.,,{s, t) = k',_^/s, t) - kl^/s, t). 
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By (I22D, we have {d^xu^){-f^{t)) = \da^\-^dtiu^{-f^)). Hence 

Here Qjij^i are C~ functions in \dt'y^\-\ d^^, and 

/o(y"y(g + r(t-s))dr 

q {s,t) = . 

/q {x^y{s + r{t — s)) dr 

We have for = Q^,i., 

\Q\t)\ < \Q\t2) - Q\h)\ < Ck+l+a,j\t2 - h\\ 

Therefore, to show fl5.26p -f l3TSU]) . it suffice to verify them when K-^{(^, z-^)X, and z are 
replaced by K^{s,t), s, and t, respectively. 

Recall that Rkf{s,t) = J^if'^'^Kt + r{s - t)) - f^^t)} dr. We apply formula and 
obtain for {x^{s) - x^{t))q^{s, t) = y^{s) - y^{t), 

{x\s)-x\t))'+'~^d^^'-^q\s,t) 

k+i-j 

1=1 

where Pl'{s,t) are polynomials in s — t, dt{x^,y^), . . ., df~^^~\x^,y^), d^'^^^^'y^, and x^{s) — 
x^{t). Hence &idf~^^~-' q^{s,t) is a linear combination of L^{s,t) of the form 

Here Ji + ■ ■ ■ + Ja + 3h + ic = 3 and i+ j < k + 1. Assume that f < j. We first bound each 
term in L^{s,t) as follows: 

(5.31) \{diy\s) - diy\m <C\s-t\, \{x\s) - x\t))-'\ <C\s- t\-\ 

(5.32) \diRa\s,t)\<C\s-tr, \diP^^{s,t)\<C, ^ + J<k + l. 

By (I53T]) - (15:32|) we get |L^(s,t)| < which gives us (K2^ . We now assume that 

\s - tal > 2|t2 - til- Then 

(5.33) lis - h) - (x - ti)| < \s - hl'-^lh - tir, 

(5.34) \d'^x\h) - 9ix\ti)| < C\s - ti|i-"|t2 - tir, 

(5.35) \{x\s,t2))-' - {x\s,ti))-'\ < C\s - h\-''y2 - tiT, 

(5.36) |9i(i^\/2,7')(5,t2)-5i(i^\47')(s,ti)l <C'||7lU+i+aJt2-tir. 

Here i+j < k + 1. Comparing the exponents in fl5.31l) - fl5.32l) with the ones in fl5.33l) - fl5.36l) . 
and using the exponent in ( ]5.26p . we obtain ( ]5.27p by a simple computation. 
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Applying 6^^ to each term in L^{s,t), we get 

(5.37) \6'^>'{dix-{s) - dix-m < C\\r - l%+ij\s - t\, 

(5.38) \6^'iixis) - xit))-')\ < C\\r - l%+i,j\s - tl 

(5.39) \6"^{diP:{s,t))\<C\\r-j%^,„ 

(5.40) \S^^{idiR:^)is, t))\ < C\\r - 7'IU+i+.,,l^ - r, t + j<k + l. 

We see that (lOTj^ -l lCTjl and ^M)-^M> differ by a factor ||7'^ - -f^\\k+i+a,j, as (ESSD 
and (15.281) do. A simple computation gives us (15.281) . We have 

6^^{x{s) - x{t))-^ = (x'^(t) - x^'{s))-\x\s) - x\t))-'6^^'{x{s) - x{t)). 

Note that 6tj^t2 aiid 6^^ commute. Assume that \s — ti\ > 2\t2 ~ ti\. Then 

\6t,t,S^^{x{s) - x{-))-'\ < 2C\h - h\\s - - 7^|o|s - h\ 

+ c\s - - lWt2 -h\< 3C\r - iWs - - tiT- 

Therefore, 

(5.41) IS^-St^tMl'is) - 9h-(-))l <C\Y- l\j\s - h\'-y2 - tir, 

(5.42) \6^''6t,tMs, ■)r'\ < C\Y - 7^|i,o|s - tir^-^ts - til", 

(5.43) \b^^h,t,cP,{Pt^ Ra'){s, ■)\ < Ch' - l%-,i-,a,,\h - til". 

Here i + j < k + 1. Comparing flCTjl - flOG]) with fl53T|) - fl5:32|) and flCTD - flCTjl with 
(I5.33p -f l5^36|) . we see that applying 5'^^ introduces a factor |7^ — 7'^|fc+i+Q,j, as shown in 
(I5.27P and (I5.29p . A simple computation gives us (15. 29 p . 
To verify (]5.30p . we start with 



^ ' ^ |5.7^ll7^(^)-7^(t)P • 

Then d{k^{t,s) is a linear combination of J^{s,t) = A^{s)A^{s,t)A^{s,t) with 

A',{s) = aiH|9,7'|-W), A^(.,t) = di^ih\s) - ^\t)n, 

A:,{s,t) = d^ j\dri''-dsi'')dr 

and ji + j2 + J3 = 3- Then 

|At|<C, |A^(s,t)|<C|s-^r^ \A^,{s,t)\<C\s-t\'+\ \j\s,t)\<C\s-tr\ 
Assume that |s — ti| > 2|t2 — ti|. As in the proof of (14. 2p . we write 

{dri^-dsi^)dr- ! {dri^-dsi^)dr 

\drl - dt,-i) dr- [ \dt,i^ - dsi^) dr. 

t2 Jt2 
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Applying d{ and then 6^'^ to the above, we get 

1^3(3,^2) -^3(s,tl)| <C|7^|i+,,,|t2- tills -til", 

\S^''St,t,A,{s, ■)] < C|7^ - l%+ajt2 - tills - tir. 
We can also verify that 

\A^{s, t)\ < C\s - t\-^ \5'^A2is, t)\ < C|7^ - 7'|i,i|s - ^|-^ 

\6,,,,A',{s,-)\<c ]['~!'[l , \6,,,,6'^A,{s,-)\<C\Y-l%,. '^'"^^'^ 



|g_^|l+a' 1-1.2^ ^^zv", ' l-'il^^^ll+a- 

By a simple computation, we get f l5.30p . □ 
Define IC>^_^M^') = J^^, if\e)Kl^/z\ da' and 

Proposition 5.5. Let k > j and < 13 < a. Let a' = a for /3 > and a' < a for 

/3 = 0. Let Q be a bounded domain in C with dfl G Let 7^^ embed dQ onto dQ' 

with 7 G 3^^^^°"'^ . Suppose that k > j and k + 1 > I > j . Then 

(5.44) IJCof (p\a,j-j' < Cl^a,j\f\oj-j', mj'f\a',j-j' < Cl^^j\(f\oj-j>, 

(5.45) IS'^'Koj'^Uj-j' < Cj+i+o,^,{\6'^^\oj-j> + |(5^^7|j+i+„j), 

(5.46) \}C*j,ip\k-i+a',j~j' < C!k+l+a,j\'^\j-j'+l3,j-j', 

(5.47) IS^-^^^lk -i+a',j-j' < C*fc+l+oJ (|5^^^|,_,,+^,,_,. + ||5^MU+ 

(5.48) \}Cij'(p\l-i+a,j-j' < C*fc+l+oj|v^|j-j'+l+/3,j-i', 

(5.49) |5^'^i^i,'<^|z l+Q, -j'+l+/3J- l+ajV- 

Proo/. Recall from (jSS]) that a^(C) = |<9r^7^| and da'{C^) = a'{C)da{() on dQ. Since 
|9;Jfr^(C^, z^)| < C|C — z|"~^, by the mean value theorem we can change the order of 
differentiation and integration in (9;j~-' /Coj'V'- "^^^ latter is then a linear combination of 

an 

By replacing {a'{0y^df{a'{0v'{C')) with (p'{C'), it suffices to verify fl5.44p when j' = j; 
analogously, we only need to verify (]5.44p -( j5l49l) for j' = j. 

We have \)C^j^{z')\ < C\^% jg^ |C - z\"-Ua < and by CT-M 

(5.50) / v\C'){K^Az^,C')-K^,M,C'))da> 
Jan 

A .Ai I / olA ., 



<C|aVlo<! / 2\C - z^r' da{C) 



+ [ |z2-^i||C-^il'~"^^^x(c)} <cv'lok2-^i| 
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which gives us fl5.44p . We have 

Jan 

+ [ a\e)^\e)6'^^K,,{zX)da ^ h{z) + h{z). 
Jan 

And < C{\^^' - + - 7^|i) by ^Ml- By analogue of fl530|) . we get \h\^ < 

C(|^^'-y.^|o + |7^-7^|i)- Using (jESHD and dEM]) we get \hU < C\<f'^\o\S^'^l\i+a,o. This 
shows flO^ . 

By the chain rule (EZD, that iT^*^ satisfies ( 15:^61) -( ICTll if and only if d'^^'~^K^*(p satisfies 
estimates flCTjl - flCTjl (with i = k,j' = j). By gZ]), i^fc*jj<^ equals d'^~'~^ {K^*ip). (The 
proof of (14. 7p is still valid when (I5.26P substitutes for (14. ip .) Hence, we have reduced (I5.46P - 
(I5.47P to the case where i = k — j and j' = j. Using \K^_j j{('^, z^)\ < C\( — -z]""^, we 
obtain |/C^1^- .^v^lo < C|v9|o. For the Holder norm, we recover a loss of regularity in Kellogg's 
arguments [6] by decomposing 

}ct,M'2) - i^t.M'i) = [ {kU,{c\ 4) - ^t,,,(C\ 4)} da\e) 

Jan 

+ / (^'(c') - v\4)){Kl,,{c\ 4) - Ki^AC\ 4)} da\e). 

Jan 

The first integral equals lC'^*ijjl{z2) — /C^!ijjl(zi). The second integral is bounded by \'^^\i3 
times 

/ \C-Zir'da{0+ [ l''~T, da{0- 

J\(;-zi\<3\z2-zi\ J|C-^i|>2|z2-2i| ^ ~ 

Here the sum does not exceed C\z2 — zi\°' when /3 > 0. If /3 = 0, it does not exceed 
Ca'\z2 — for any a' < a. We have 

/C^,„l(^)= / a\Od':;'di{lC\C\z')}da{0 
Jan 

= d^-^ [ a\C)di{lC'iC\z')}daiC) 
Jan 

= E^^'^^"'^r' / d\a\OK}{C\z^)da{C). 
i<j ' Jdn 

By Lemma [4.31 and Lemma [5.21 we get for = (a^)^^ d^^a^ 

\K^^*bi\k~j+a,j-i < C, \IC^*bi - K}*bi\k-j+a,j-i < C||7^ - 7^IU+i+a,j- 
We have verified (I5.46p . We have 

Jan 

+ [ a\0^\e))5^^Kl_^,{C.z)da. 
Jan 
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By analogue of estimation for K,^*_- -Lp, we obtain (15.471) by (15.271) and (I5.29p . Finally, we 



obtain flOHD - flCTD by flCTjl -f lCTj) . and d^xK,^<^ = -}C^*{d^xip^). □ 

6. Null spaces of / ± /C and / ± /C* 

In this section, we describe results on integral equations for the Dirichlet and Neumann 
problems. Lacking a reference to the precise regularity in derivatives on solutions to the 
two problems, we derive some details. The estimates will be used in arguments for the 
parameter case in section [71 As mentioned in section [H we reduce the regularity of 
solutions, which is an important step in Kellogg's proof [H], to the integral equations for 
the Dirichlet problem to C° regularity of the integral equations for the Neumann problem. 

Proposition 6.1. Let dn G C''+^+" with k>0 andO<a<l. LetO< (3 <a. 
{i) Letp>l/a. Then 

for any a' < a — ^ with a' < a. 
(a) Let C be one of IC, —)C, }C* , and —K.* . Then 

\ip\LP < Ci+aCp{\(p\Li + 1^ + '^VIlp), P > 1, 

\^\i3 < Ci+adv^Ui + + -Cv?!/?). 

{Hi) Let C = IC* or -IC* . Then Iflk+p < Ck+i+a{\f\L^ + \f + ^flk+fs)- 

{iv) Let C = IC or —IC and 1 < I < k + 1. Assume that I > 2 or drf G L^ . Then 

< Ck+l+a{\v\L^ + Idr^PlL^ + \V + ^'-Pll+fi)- 

Proof, (i). We adapt Kellogg's arguments in the proof of Lemma [5.51 Let 1/p + 1/q = 1. 
Decompose ICip{z2) — ICip{zi) as 



+ 

|C-zi|<2|22-^i| J\C-zi\>2\z2~zi 



ia-l+- 

9 



a-2 



We estimate first integral by \K{zj, ()\ < C\( — ZjY ^ and get 

(6.1) ( / |i^(z2,c)r+i^(^i,c)rMC)| '\cw-z^ 

yj\C,~zr\<2\z2~zx\ ) 

We estimate the second integral by ( 14. 2p . i.e., \K{z2,() ~ K{zi,Q\ < C\z2 — zi\\C — zi 
for \( — zi\ > 2\z2 — zi\. Thus 

(6.2) I / \Kiz2,0-Kiz,X)\'daiC)] ' ' < C\z2 - z^\^~-p . 

\.J\C-zx\>2\z2~zr\ ) 

Therefore, (p E L^ implies Idp G C"~p. 

We now estimate /C*/, for which we use Lemma [4.11 Thus, when K is replaced by K* 
we still have (16. 2 p for 1 < p < oo and (16. ip . However, for j9 = oo, 

/ |if (C, Z2) - K{(, Z,)\da{0 < C\Z2 - ^ir(l + I log \Z2 - ^ill), 

J\C-zi\>2\z2-zi\ 

which results in IC*if G C"'. 
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(ii). We follow some standard estimates for compact integral operators ([2J, p. 120; [9], 
p. 178). Define T^^ = J^{C)L{z,() da{C). Let x{z,C) = 1 for ^-Cl < e/2 and x{zX) = 
for I z — I > e. Let p > 1 and l/p + l/q = 1- We have 

Thus, we obtain \T^Lf\LP < Coa^^e°'^^^p^\ip\LP from 

daiO V" ( [ daiO ^^/^ 



an Jan 



v{C)xL{zX)da{Q 



on 



Idn IS ~ ^1 / \J|2-C|<e 

Therefore, / + T^l- L'^ has an inverse with norm < 2 when Coa"^e"*^^^p'' < 1/2. 

Since {1 — x)L is continuous, it is easy to obtain 

Using (f = {I + Txl)^^{I + Tl)(p — (/ + T^i)^-'^T(i_^)i(y9, we estimate two inverses and obtain 

\ip\LP < C\ip + C^\lp + C^\<-p\li. 

When /3 = 0, we get (p e L°° and hence ip E hy (i). Assume that f3 > 0. Using 
(f = {(f + Cip) — Cip, we obtain \(p\i3/2 < C\ip + C(p\i3/2 + C'lv^l^i, from which we get 
< Ci\ip + Cip\fi + C2\f\p /2 < Cslip + Cip\fi + C4\(p\l^. 
(iii). It follows from fl5.44p with j = and (ii). 

(v). When k > I > 2, we know that K is of class C^. Hence (p E if (f + Idp is 
additionally of class C^. Since G L^, by Lemma 14.21 (ii) we get dr^{z) =F IC*drf = 
dr{<f ± )C(p). The rest follows from (ii)-(iii). □ 

For applications to integral equations with parameter (Lemma 17. ip . we emphasize that 
the constants Ck+i+a in Proposition 16.11 depend only on |(7')~^|o and |7|fc+i+a if dfl is 
parameterized by 7. 

Proposition 6.2. Let dVl E 0^^°" . Let Cq = 1 on dVt. For i > 0, let = 1 on 7^ and 

Cj = on dVl\ 7j. Let < /3 < a. 

{i) Let L he one of K, —K, K*, and —K*. Then ip + dp = ip E admits an L^ 

solution ip if and only if 1- ker(J + £*). All L^ solutions ip are in 
{ii) {ci, . . . , Cm} spans ker(/ + /C). And Cq spans ker(J — /C). 
[iii) ker(/ + IC*) n ker(/ + /C)^ = {0} and ker(/ - /C*) n ker(/ - /C)^ = {0}. 
{iv) ker(/ + /C*) is spanned by {0i, . . . , (pm}, where pi satisfy pj da = 6ij for i,j>0 

and Jg^pida = fori > 0. Moreover, Wpi, . . . ,Wprn ol^^ locally constant on 

dfl and vanish on outer boundary of dQ, and {Wpi\^.)i<ij<rn 'is non-singular when 

m > 0. 

{v) ker(/ — /C*) is spanned by p)Q and Wcpo is constant on dQ. Moreover, po vanishes 
on dQ \ 7o, Jq^ podcr = 1, and po depends only on 70. 

Proof, (i-iii). The first assertion follows from the compactness of £ on (^, p. 162, 
p. 167). That ip E follows from Proposition 16.11 (ii). The proof of (ii) is in |2] (p. 135). 
For (iii), assume that ip E ker(/ + K,*) fl ker(/ + /C). We have ip + Kfip = and by (i) 
Ip = ip + K,*ip. For Ip E ker(/ - /C*) n ker(/ - /C), we have ip - K,*ip = and tp = ip - }C*ip. 
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In both cases, we have ip,ip ^ C"'. Then Wip and Wip are in C^"*"" by Lemma [3l2] (iii). One 
can show that ip = 0] see [2] (p. 137), where the use of Green's identities merely requires 
that dn, W^, Wip be of class C^+". 

(iv) . By compactness of £, we have dimker(/ + C*) = dimker(/ + £) = 1 ([2], p. 24). 
Note that if 0i, . . . , 0^ span ker(/ + /C*), the matrix A = ( (pj da)i<ij<rn must have rank 
m. Indeed ii ip = ci0i + ■ — h Cm,4>m is orthogonal to ei, . . . , Cm, then by (i) and (iii), (p = 0. 
With A being non-singular, we can normalize (pi such that A is the identity matrix. This 
verifies the first assertion. To show that W(pi are locally constant on dQ, we integrate 
(pi + fC*(pi = and get (pida = for i > 0. This shows that (pi G ker(/ + K*). Hence, 
W(pi is locally constant on Q' and vanishes on the unbounded component of Q'. By the 
continuity of W(pi, it is constant on the inner boundary of dQ and vanishes on the outer 
boundary. Assume for the sake of contradiction that (W(pi\^.)i<ij<rn is singular. Since 
W(pi are constants on 7^ and vanish on 70. Then W(pi, . . . , W(pm are linearly dependent on 
dQ. Therefore, for some q which are not all zero, we have W{ci(pi + ■ ■ ■ + Cm.(pm) = on 
dQ. This implies that Ci0i + ■ ■ ■ + Cm(pm is in ker(/ + K*) fl ker(J — K*). Since (pi, . . . ,(pm 
form a basis, we get Cj = for all i, a contradiction. 

(v) . By (iii), we know that if (po spans ker(/ — /C*) then Jg^(pQdcr ^ 0. Let (po be the 
unique element in ker(/ — K.*) such that Jq^ (p^da = 1. We want to show that 0o = on 
7j for j > and that 0o depends only on 70. 

Let VLq be the bounded domain bounded by outer boundary 70 of VL. Let (p, with 
j^^<pda = 1, span ker(/ - IC*q) C L\dQo). Here z) = ^dr^ arg(C - z) for C,ze dQo. 

Let W(p be the simple-layer distribution with density on 79. Since W(p is constant on 
flo, then di,W(p = for the normal vector u of any curve 7 in Qq. This shows that 
ker(J — /C*) is spanned by (p, if (p equals (p on 70 and is zero on dQ \ 70. The condition 
Jqq (poda = 1 implies that (po = (p. □ 

For convenience, we will use {ei, . . . , Cm}, {co}, {(pi, • • • , (pm}, and {0o} for bases of ker(J+ 
/C), ker(J — /C), ker(J + /C*), and ker(J — /C*), respectively. 

Lemma 6.3. Let dVl G andO < /3 <a. Let L = K or -K. If + Cip = g zs m C^+^ 
and if _L ker(/ + C), then G C^^^ and it is determined by 

!f = + CqCo + CiCi H h c„e„, 

- £Vi = 9^^, G ker(/ - C*)^ n ker(/ + C)^, 

dr(p = v^i - ^000 - di(pi dmCpm, [ (fida = 0, i>0. 

Moreover, Ci and di are determined as follows: 
(i) If C = K, then 



7i 



^0 = I (9- '^0) da, Ci = ■■■ = Cm = -Co, 
^' I do, 



do= ipieo da, di = ■ ■ ■ = dm = 0. 
I an 



(n) If C = —fC, then 
1 
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072 / i9~^'f)d(T, z > 1, Co = -— / {g-C(p)da, 
^'i J'r^ ^' Jdnx-ro 

di = (piCida, i > 1, do = 0. 
Jan 

Proof, (i). Assume that ip + fdp = g E C^+^. Recall that ei, . . . , span ker(/ + /C). Since 
9^5f ± ker(/ - /C), there exists v^i G fl ker(/ - /C*)-^ such that ipi - lC*(pi = drQ- Let 
i > 0. Since }C*fi da = — ipi da, then ipi da = 0. Recall that 0o = on •jj and 

J^^ 00 da = 1. Let do = Jq^ fi da. Then (pi = ipi — do4>o is orthogonal to eo, • • • , Cm and 
hence there is a unique G C^^^{dQ) such that (^1 = dr0 and J^0eida = for all z > 0. 
Thus, we obtain 

dr{(p + Kip) = drQ = (pi- }C*(pi = dr(p + ^000 - IC* {Br^P + C?o0o) 

Hence, (p — (p + )C{ip — 0) = 2co + J2i>o rewrite it as 

{ip- (p- Co) + /C(V3 - - Co) = ^ CiCi. 

i>0 

Being in the range of / + /C, the right-hand side must be orthogonal to ker(/ + /C*). Hence, 
Cj = and consequently ip — ip — co = J2j>o(^j^j- This shows that ip G C'^'^^. Since ip and 

are orthogonal to Cj for z > 0, then q + Cq = 0. We substitute + CqCo + ■ ■ ■ + CmCm for 
ip in ip + Kip = g to get (7 = 1^ + IC0 + 2coeo. Therefore, 2co/^ = Jg^ig — ^v) da. 

(ii). Assume that ip - Jdp = g e C^^^ . We find G n ker(/ + /C*)^ such that 
V9i + /C*(y9i = drg. By /C*v9i c/cr = (i(T, we get ipi da = 0. Since (pj G ker(J+/C*) 

satisfy (pj da = 6ij for i,j > 0, then for dj = ipi da, ip\ = ip\ — d\<f)\ — ■ ■ ■ — dm(pm 
is orthogonal to ei,...,em. We still have ipi + fC*ipi = drg; in particular, j^^ipida = 
Jg^ipida = 0. We write ipi = dr0 with ipda = for j > 0. As in (ii), we get 
dr{ip — ip — )C{ip — ip)) = and hence 

m 

{ip- ip) ~ }C{ip - (^) = Co + 2 ^ dCi. 

1=1 

The right-hand side must be orthogonal to ker(/ — /C*), the span of 0o- As 0o vanishes 
on 7i U ■ ■ ■ U 7m, by Proposition 16.21 (v), we obtain cq = Cq ^Q^(j)oda = 0. Then ip — 
ip — J2j>o^j^j ^ ker(/ — /C), so it is a constant Cq. Therefore, ip G C^^'^. Also, g = 
ip — )Cip = — }C0 + 2(ciei + ■ ■ ■ + CmCm)- We get 2cilf = J {g — )C0) da for i > 0. Using 
=<ip,eo>= J2i>o^^\^i\^ + '^0^^' formula for co. □ 

The above lemma allows us to study integral equations for the planar Dirichlet problem 
via integral equations for the Neumann problem. We now strengthens Proposition 16.11 (iv) 
as follows. 

Corollary 6.4. Let dn G C'+" with I > 1 andO < a < 1. Let < (3 < a and let L be K 

or -K. Ifip + Cipe C^+^, then ip G C'+P . 
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7. Regularity of solutions for integral equations with parameter 

To motive our methods, we assume for simplicity that dQ is C^, and parameterize dQ 
by 7(t) in arc-length. The kernel K{s, t) = ^dt arg(7(s) — 7(t)) is then continuous and the 
resolvent L{s,t,z) satisfies 

K{s,t) = L{s,t,z) + z f L{s,r,z)K{r,t)dr. 

Jo 

It is a basic result of Fredholm that there exists 6{z) with 5(0) = 1 such that 6{z) and 
6{z)L{s,t, z) are entire functions in z (see, e.g., [6]). It is known that L{s,t,z) is analytic 
at ^ = 1 when f2 is simply connected (see [6], or [2], p. 133); by a theorem of Plemelj [11], it 
has a simple pole ai z = 1 otherwise. However, we do not know if the zeros of 6 accumulate 
at 1 as (5 varies with Q. One can verify that 5{1) ^ when Q is simply connected (|8], 
p. 294) and in this case the zero of 6 does not accumulate at 1 as domains vary. Without 
resolving this issue, we will estimate solutions by taking limit and differentiating in A on 
the integral equations directly. 

This section consists of three results. Lemma 17.11 shows the uniform boundedness of 
solutions of integral equations in and Holder norms; Lemma 17.31 provides formulae to 
differentiate the integral equations; Proposition 17.41 contains the estimates for the solutions 
of the integral equations. 

Recall that for a family of functions on dQ G 0^+°" fl C^, we define for k > j 

\\fU+a,j = max \dlf%.i+^, \\r - f%+a,j = max \d;r - ^if\^^+a. 

For a family of embeddings z — )■ 7^(2;) from dQ onto dQ^, we use notation z^ = '~f^{z) and 

g{z, A) = g^i-f^{z)). Let {£^} be one of {/C^}, {-/C^}, {/C^*}, {-/C^*}, and let {i^, 

be the canonical basis of ker(/ + C^), described after the proof of Proposition 16.21 Define 

Lemma 7.1. Let 7'^ embed dVl onto d^l^ with 7 G B^^°''^{d^l) . Let < a < 1 and 

< (3 < a. Let ip^ G L^{dVL^) and define according to the following two cases. 

a) Let {C^} be {/C^} or {-/C^}. And 

+ C^*ip^ = ^^, <ip\£f> = ^i{X), l<t<n. 

b) Let{C^} be one 0/ {/C^}, {-/C^}, {/C^*}, and{-lC^*}. And 

(/?^ + £V = V^o, <¥'^,^f> = V^i(A), l<i<n. 
Then the followings hold. 

(i) Let 1/a < p < 00. Suppose that A H- ■?/'o o 7^ g IJ'{dVt) and A i-)- ■?/'j(A) G R 
are bounded {resp. continuous) maps. Then X ^-^ ip^ o 'y^ ^ L^{dQ) is bounded 
{resp. continuous). 

(ii) IfipQ^ipQ are in LP{dQ^) with 1 < p < 00 then 

(7.1) \ip{-,fJ,) - ip{-,X)\LP < Ci+a,oCp{\(p{-, fi) - ^i-, X)\li + |^o(-,/i) - V^o(-,A)|lp 

+ {\{M-,f^),M-^))\L. + m-,f^),^i-^))\L^)\Y-l%-^a). 
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{Hi) IfipQjipo are inC^{dVL^), then 

(7.2) |<^(-,/i) - < Ci+«,o(|<^(-,/^) - <^(-, A)|ii + |^o(-,/^) - ^o(-, A)|^ 

+ {\^o\p + \v\^)\r-l\+c.). 

Proof. We first verify tlie assertions for case a). The verification for b) will be simpler, 
after we establish (pi G via (i) of case a). The proof of (i) is given in steps 1 and 2. 
The proofs of (ii) and (iii) are in step 3. 

Step 1. Boundedness in U norms. Fix 1/a < p < oo. We are given 



(7.3) 



(^(C, A) + / y.(r/, X)L\t^\ C) dcr\vl = MC, A), 



rtean 



Assume for the sake of contradiction that Aj = \(f^^\LP — ^ oo for some A,- — )■ 0. Normalize 



7A, 



in norm by letting (p^^ = A - ^(p^^ and ip^^ = A - ^ip^^ . We get 



(7.4) 
(7.5) 



^(C,A,)+ / ^iv,Xj)L'^iv'^,r)da'^ir]'^)=MCA,), 
Jan 



l^(-,A,)| 



LP 



an 



Since the norms of ip^^ are bounded, by Proposition 16.11 (i) the C"/^-norms of C^i*(p^^ 
on are bounded too. Thus, {C^^*ip^^) 07-*^^ have bounded C°/^-norms on dVL. Passing 
to a subsequence if necessary, {C^^*ip^^) o 7-^^ converges uniformly on dVL. Since ipQ^-^Xj) 
converges to in U' norm, (17. 4p implies that (p{-, Xj) converges to some yj* = yj* o 7° in 
norm. Recall that da^{z''^) = a^{z) da{z) with a^{z) = \dr'y^{z)\. Since a^^ converges to a° 
in sup norm, then ip{-, Xj)a^^{-) approaches to (y9,,a°(-) in norm. Decompose 



an 



< 



^(r/,A,)L-^^ (r^-^^C"Orf^"^ (^'0- / vML%v',C) da\v') 



an 



an 



+ 



an 



I'{z)+I''{z). 



From p > 1/a, \K^{(^, z^)\ < C\( — z\"^^, and Holder inequalities, we see that Ij — )■ 
in as Aj — )■ 0. From Holder inequality and the dominated convergence theorem, we see 
that Ij — i- in also for Aj — )■ 0. Thus, letting j tend to 00 in ( I7.4p - (l7.5p . we get 

^*{0+ [ V*iv')L%v'X')da%r^') = 0, 
Jan 



0, i 



1 n. 



an 



By Proposition 16.21 (iii), the first and last n identities imply that 99* = 0. The latter 
contradicts to the second identity. Therefore {Iv^'^Ilp} is bounded. By Proposition 16.11 (i) 
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and (ii), we obtain 

(7.6) \C^*vX/2<C^+a\v\. 

(7.7) l^^l^ < C,UW\. + l^o^l^). 

Step 2. Continuity in norms. Fix 1/ a < p < oo. Assume for the sake of 
contradiction that |v9(-, A^) — </)(■, 0)|lp > 5 > for a sequence tending to zero. By (17.61) . 
passing to a subsequence if necessary, we may assume that the sequence of continuous 
functions {C^^(f^^*) 07-*^^ converges uniformly as A^ — i- 0. Hence by (17. 3p . (f{-,Xj) converges 
to ip^ = (f* o 7° in LP. We have \ip{-,0) — ^*{-)\lp > By the same arguments in step 1 
we know that ip*, ip^ satisfy the same equations 

AO + [ aol\v'. C) da\o = m'), 

Jdn 

[ ^\r,yU^\r,') = i^l ^<i<n. 
Jan 

By Proposition 16.21 (iii), pP = ip*, a contradiction. This proves the continuity of p>{z, A) in 
norm. 

We proceed to repeat steps 1 and 2 for case b). From case a), we know that (po, . . . , (p^ 
are of class B"^'^ . Thus the basis {£1, . . . , of ker(J + C) is of class ^B"'" in all cases. 
We are given 

(7.8) ^^ + £V = ^o, / ^HUc^\v^)=i^l l<i<n. 

We first repeat step 1, which is simpler now. Assume for contradiction that there exists 
a sequence Aj, approaching to 0, such that Iv^^^Ilp = Bj tends to 00. Then (pj = Bj^ip'^^ 
has bounded norms, and C^^'Pj has bounded C"/^ norms. Passing to a subsequence if 
necessary, we may assume that C^^'Pj converges uniformly on dVt. Hence (pj = Bj^ipj — 
C^^<Pj converges to yj* = o 7° in U'{dVL). Reasoning as in step 1 shows that ip* satisfies 

V?* + £V* = 0, ±ker(/ + £°), \^*\lv = 1. 

The first two expressions imply that <y9* = 0, a contradiction. This shows that (p^ have 
bounded norms. Thus the C"/^ norms of C^p)^ on dVt^ are bounded, and every sequence 
p>^oo'-^^^ (2;) with \j — )■ has a subsequence converging uniformly to some (p{z, 0) = (pPo'^^i^z) 
on dVt. It is clear that 'p>^,p>^ satisfy the same equations (17. 8p with A = 0. Therefore, 
(pp = pp and consequently p)'^ o 7'^ are continuous in norm. 

Step 3. Estimates in and Holder norms. This step works for a), b). We first 
consider case a) and derive (17. 2p for /3 > 0. We have L = K ot —K. It suffices to verify it 
for j3 = a. For z e dVt, write 

da^{z^) = a^{z) da{z), D{z) = ^^^ip{z, /x) - p>{z, A). 
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We set A = /i in (17. 3p and then multiply it by a^{z) j a^{z). We subtract the new equation 
by the original (17.31) and get 

(7.9) D{z)+ [ D{C)L\C\z^)da\e)=E,{z)-E,{z)-E2{z). 

Jan 

with 

(7.10) Eo{z) = ^^^o{z,fi)-Mz,^), 

(7.11) E,{z)= [ y^{C,f,){L^{e,z>^) ~ L\C\z'))da^{e), 

(7.12) ^2W = {^-ij / ^ic ^^mc^z^da^ icn. 

la [z) J J(;^dn 

Note that \^r^ — Ma ^ C'i|7(-,/i) — 7(-, X)\i+a- Immediately, we have 

l^oU < <^i(lV^oUl7(-,/^) -7(-,A)|i+„+ |V^o(-,/^) -^o(-,A)|c,). 

By (15.461) with i = j' = 0, we obtain 

|i52U<C|7(-,ytx)-7(-,A)|i+J<^^U. 

Define trivial extension <^^(2^) = ip^{z^), so it is actually independent of A. In particular, 
since G then is of class C°'°((9fi^). Also, define d'^^iz'^) = af^i^z), so d^ G 

Cfc+"j(5(]^). By Lemma gJl for L = eK* 

(7.13) eE,{z) = v^{l- ^) - 2Re{r^C^(^(^;i)} + 2 Re{r^C^ (T^^^^) }. 

By the Cauchy transform with parameter (Lemma 15. 2p . we obtain 

\E,\^<C\^%h{;lx)-7{;\)\l+a. 
Applying Proposition 16.11 (ii) to (17. 9p . we obtain 

\DU < Ci\D\Li + (Iv^l, + KU)l7(-,/i) - 7(-, A)|i+, + \M;f^) - M; A)U) 
< CM; /i) - A)Ui + (I^Ili + maM;fi) ' l{; A)|i+„ 
+ lV^o(-,/i) - V^o(-, A)|„). 

Here the last inequality is obtained by the definition of D and (17. 7p . The proof of (17.21) is 
complete when f3 > 0. 

To verify ([71]) for case a), we start with fmUj) and get \Eo\lp < C(|V'o(-, A)|lp|7''-7^|i + 
\M;f^)-M;^)\Lv)- By (IE28]), 

By Holder inequality and Fubini's theorem (or Young's inequality), we have l-Eil^^p < 
C\<^^'\Lph^-7^\i+a. Also, \E2\Lv < C(|(/?^|Lp)|7^-7^|i+a. By Proposition [6l](ii), we have 
< Cilcp^lLi + KIlp). Thus, 

\{Eo,E^,E,)\L, < C{\M;f^) - + Hv'Il^ + iV-o U.)|7^ - T^i+J- 
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By (17. 9p and Proposition 16. II (ii) again, we get (17. ip . Note that (17. ip for the case gives 
us ^ for P = 0. 

For b), the above arguments are still valid for (I7.ip -( rr2l) after minor changes. The 
formula (I7.13P for Ei needs to be changed when L = K ot (see Lemma l4.3p . The 
use of Cauchy transform with parameter is, however, valid, and the same estimate for Ei 
holds. The proof for (ii) and (iii) is complete. □ 

Remark 7.2. The norms of t/'i , . . . , ^/'n do not appear in (I7.ip - (l7.2p . However, when we use 
(I7.ip - (l7.2p . we need ip'^ to have bounded norms at least. The boundedness is established 
via Lemma [7.11 (i), so restrictions on ipi for i > enter. 

We want to use (I7.9p - (l7.12p to compute the derivatives in parameter. Define 

(7.14) ~dy^^\z^) ^ d^W\z>^)} + ^\z>^)d,^\0g\dr^^\ 

Jdn^ 

C',*^{z) = {d^log\d.y\) [ v\OL\C\z')da\e). 

Jan^ 

Let £i, . . . ,in be the standard basis of ker(/ + £). 

Lemma 7.3. Let 7^ embed dQ onto dQ^ with 7 G 6'^+°'''^ {dQ) . 

a) Keep assumptions in a) of Lemma \ 7. 1\ Assume further that ipo G C^'^{dQ) and 
tpi e C\[0, 1]) fori>0. Then ^ e C^'^dQ) and 

(7.15) dxy^^ + C^*dxv' = dxiJ^ - (/:^ + C^2*)v\ 



(7.16) / idxip')ifda^ = dx^ljt- 

Jdn^ 

b) Keep assumptions in b) of Lemma \ 7. 1\ Assume further that ipo G C°'^(9fi) and 
i)i G Cn[0, 1]). Then G C°'l(9^]) and 

(7.17) ~dx^^ + C^~d^^^ = dxiJ^ - (C^, + 4)</^^ 

,A\/)A j^X _ a „;,A / ,„A/a /)A\ j^X 



(7.18) / (dxip^yt da^ = dyiPt - / V\dxit) da\ l<i<n. 

c) Let < (3 < a. In a) and b) of Lemma \7.1\ we have Lp G B^'^{dVL^) provided 
ipo G B^J{dVt^), xjji G C^ ([0, 1]), and 7 G B^+^+f^'^ (dn) ; the same assertion holds if 
C substitutes for B. 

Proof, a). Let us recall some identities in the previous proof. Fix A. Recall that £j are 
locally constant when L = K or —K. We also use notation f^{z^) = f{z,X). By (17.90 - 
(I7.12p . the difference quotient 

Diz,^) = ^[^^^{z,^)-^{z,X) 
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satisfies 

Jan 

DiC,f-i)ifda\C') = - ^'), l<^<n 



with 



1 fa^^iz) 

Eo{z,n) = -[^—-iJo{z,fi) -iJo{z,X) 

ji — A \a^{z) 



a^[z] - a^(z] 



a [Z)[fl — A) J(^(zQQ 

As fi ^ \, it is clear that ipo^z,^) converges uniformly to dxipQ- We want to show that as 
fi tends to A, D{z,fi) converges uniformly to a continuous function. Then the existence of 
the limit function implies that c^av?'** exists and the limit function must be d\ip^. 

By Lemma Ell ^ C°'°(c?f2^). It is easy to see that Ei,E2 sue continuous at /i 7^ A. 
Also E2{z,fi) converges uniformly to (£2*0)(^^) as yU — > A; in particular, {E2} extends to 
an element in C°'°. For ( z, hj the mean-value theorem and f l5.26p we obtain 



K^'{C^,z^') - K^{C^\z' 



<C\C-z\ 



^ — X 

Thus Ei{z,fi) converges uniformly to C^*i^{z^) as /i — ?■ A, and {E'^} extends to an element 
in C°'°. By Lemma mi (ii) with /3 = 0, we conclude that as /i — i- A, D{-,fi) has a limit d\(f^ 
satisfying f lTTT^ - dTTTB]) . 

b). By a), 0O)---;0m are of class C^'^ when 7 G S^"*""'^. Thus, in all cases, we have 
ii G C^'^. Fix A. We need some minor changes in the above arguments. The difference 
quotient D{z,fi) satisfies 



D{z,fi)+ [ D{C,fi)L\z\C^)da\C^) = Eo{z,fi) + El{z,fi) + E;{z,fi), 
Jan 

Jc^an fi — A Jr^dn — A 



with 

X/^X /-X 



Jcean fi — A 

a^{z){fi-A} Jcean 



'(ean 

By Lemma [TTTI (p is continuous. It is easy to see that El,E2 are continuous at /i 7^ A. 
Also E2{^^f^) converges uniformly to £2V^(z'^) as /i — )■ A, and {-^2'^} extends to an element 
in C°'°. Also El{z,jj) converges to C\'{){z^) as /i — A, and {E]^} extends to an element 
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in C°'°. By Lemma [TTT] (ii) with /3 = 0, we conclude that as /x — )■ A, D{z,jj) converges 
uniformly to a limit function, which is denoted by {dx(p^){z^) and satisfies fl7.17p - fl7.18p . 

c). When j = we get (p G B^'^ from Lemma [7!T] (i) and (ii) and Proposition 16. II (ii) and 
(iii) and we further have G C^'" for ipQ G and 7 G C^"*'"''^. Assume that the assertions 
hold when j is replaced by j — 1. Thus ip G B^'^'^. We first consider case a). Then, we 
have fm5|l -f l7l6|) . By flS^tej) with j' = j, we know that Qip and ^^v^ are in -Bf'^-^ Also 
{SaV'o} is cind {SAV'i'} ^''"^([(0) 1]) fo^' ^ > 0. By the induction hypothesis, 

we conclude that {dx^p^} G B^'^^^. Hence {dx^'^} G B^'^^^. Combining with (p G B^^'^, we 
get if G iS^'-' . We can also verify that (p G Cf'-' by Lemma mi (iii) and fl5.47p . when ip G Cf'-' 
and 7 G C^+i+^J. 

For case b), we first apply results from a) and conclude that 0o, . . . , 0m are in . This 
shows that { jg^^ <p^(j)f da^} are in C^-^ if <p e O'^. We substitute frrT71) - fl7:T8|) for fl7A5|) - 
f!7.16p and substitute fl5.44p -f l5^ for fl5.46p - fl5.47p with j' = j. With minor changes in the 
arguments, we verify the assertions for b) too. □ 

By Proposition 16 . 1 1 (iv) and Corollary 16. 4[ we have proved all required regularity in higher 
order derivatives of solutions to the integral equations for a fixed parameter. We are ready 
to study the regularity of higher order derivatives for the parameter case. 

Proposition 7.4. Let 7^ embed Oil onto dVl'^. Let k > j > and < (3 < a < 1. Let 

/3 > when k > 0. Suppose that 7 G B''+^+'''^ (dQ) , ipo G B^+f^^^ (dQ^) , tpi G C^([0, 1]) for 
l<i<n, andip^ e L^{dn^). 

a) Let {C^} be {JC^} or {-/C^}. Suppose that 

ip^ + C^*ip^ = ^^, <ip^J^> = ^^, l<t<n. 

Thempe B''+'^'^{dn^). 
h) Let {C^} be {/C^*} or {-/C^*}. Suppose that 

(7.19) ¥5^ + £V^ = V^o. <</^^^J> = V^^ l<i<n. 

Then ip G B^^^^^{dVL^). 
c) Letl < k+1 and 13 > when I > 0. Let {C^} be {/C^} or {-/C^}. Suppose that 
i)Q G B^+^^^{dn^). Then the solution ip to ^TW^ is m i3'+^'^(9fi^). 

a), 6) and c) remain true if the symbol C* substitutes for B* in all conditions and assertions. 

Proof. The proposition is proved when = and /3 = 0, by Proposition 16.11 (ii) and 
Lemma [7?T] (i) and (ii). We may assume that (3 = a. 

a). We first verify the assertions when j = 0. When = we get ip G by 
Proposition 16.11 (ii) and ip G C^'" by Lemma [7.11 (i) and (iii). We apply Proposition 15.51 
Then (Km implies ^ G B^+^'%dn^) for 7 G S'^+i+^-O; fOTD implies ^ G C^+^'^dQ^) for 
7 G C'^+i+^'O and ^po G C'=+"'°. 

For j > 0, assume that a) is valid when j is replaced by j — 1. Thus, ip G B'^^^'^^^ldQ). 
And G C'+f^'^-^idn^) for 7 G c:'=+i+"'^-i and ipo G C'^+^'J-^ Since ipo G C^'^ and 

G C^([0, 1]) for z > 0, Lemma [773] implies that 

dxip^ + C^*dxip^ = dx^^ - (£^* + C^*)ip\ < dxp\ if >= dxijf, t > 0. 
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Here {dx^pi} E Also, Sx^Jq E iJ'^-i+^J-i by 

dxiJ^iz') = dx^^{z') + ^^{z^)dx\og\dri\ {dxlog\dri^\} E B'-'+'''^-\ 
Combining cp E B^+l^'^-\dn) C B^-^+l^'^-^dn) with 

C^*v{z) = {dx\og\dri\z)\) [ ^\OL\C\z')da\e), 

we see from (Km that C*ip E Thus {dx^^} and {^a^^} are in B''-^+'''^-\dn^). 

Combining with {dx<p^} E we see that {<p^} is in B^^'"'^ (dQ^) . To verify 

cp e C*^+°J for 7 E we use flsiTj) instead of 

b) . Note that the case where k = I = is estabhshed by Lemma 17.11 So we assume 
that k > 1. Ahhough we are deahng with the same integral equations as in a), i.e. 
ip^ ± lC^*ip^ = ipQ, the functions ii appeared in < (p^,ii > = ip^ are no longer constants 
in general. Nevertheless, a) implies that (po, (pi, . . . , (pm are of class or are of class 
Qk+a,j ^Yiexi 7 E In any case, we have £i E Then 

/ (5a¥^")4' da^ = dxi'^ - [ ^\dxit) da^ 

are in C-'~^([0, 1]), if we know ipi E O and (p E C^'^~^. The latter is ensured if y9 G 
with k>j and j > 1. Then, Ci{B^-^+'^'^-^) is contained in i^^-i+^.i-i by f lCTj) and 

C'Mz) = [ ^\C')dx {L\z\e)} da\e), 
C'Mz) = idx\og\dri\z)\) [ ^\C)L\z\e)da\e)- 

Finally, {dx log |(9^7^|} is in B''-^+'''^-\dn), which implies that if {dxy^^} E B^'^+'^^^-^dQ) 
then {dxf^} remains in i3'~^+"'-'^^(c?f2). With these observations, the induction proof in a) 
is valid without essential changes. To verify (p E C*^ when 7 E 0'^+^+'^^^ and ipo E C*^^"'-', 
we use (151471) instead of (l5^ . 

c) . To show (p E B^^^^""'^ , we cannot use the induction proof in b) when ipi E B^^^^°''K 

For that {<9a<^^} E B''+'''^-^{dn), defined by dZH]), does not imply that {dx(p^} is in 
B^+^d-i^dQy 

Instead, we apply induction on /. If / = 0, by Lemma [7751 c) we get (p E B^'^ and ip E C^'^ 
when Ipo E C^'^ and 7 E 0^+^+°"'^ In particular c) is valid when / = 0. Assume that c) is 
valid when / with > is replaced by / — 1. We have 

d^x'p)^ - C^*d^xp>^ = drxip^, / drxip^ da^ = 0, i > 0. 

Note that {d^xipQ} is in B^"^^"'^ when I — 1 > j and it is in B^~^^"'^~^ when / = j. By 
b), we conclude that drip E for k > I — 1 > j and it is in iJ-^'-i+^J-^ when I = j. 

Combining with ip E B'^'\ we conclude that ip E B^^'^'K We can also verify that ip E C'^"'-^ 
when V'o E and 7 E 
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One can give another proof for c) by using Lemma [631 and a), which avoids the induction 
argument. We leave the details to the reader. □ 

8. Holder spaces for exterior domains with parameter 

In this section, we return to the definition of Holder spaces with parameter. However, 
the reader can turn to the proof of Theorem 19.21 for interior domains by skipping this 
section. Lemma [8.21 shows that elements in B^~^^'^{dQ^) extend to elements in B''~^^'^{Qr)- 
Lemma 18.61 shows that possibly by restricting A to a subinterval, we can extend a family 
of embeddings 7'^ of dVl with 7 G B''^^'^{d^l) fl C^'°(9i7) to a family of embeddings F'^ of 
Q with r G B'^~^'^'^{Q) n C^'°(f2). The two lemmas and Lemma [2.21 form basic properties of 
Holder spaces for interior domains with parameter. We also define Holder spaces for exterior 
domains with parameter. Finally, we extend estimates on Cauchy transforms and simple 
and double layer potentials to exterior domains for our Holder spaces. To extend families 
of finitely smooth embeddings from dQ into fi, we apply a type of Whitney extensions 
with parameter. However, the real analytic extension is more subtle, for which we need 
the real analyticity of solutions to the Dirichlet problem with real analytic parameter. The 
connection between extensions of functions and solutions of Dirichlet problem was observed 
by Whitney [17] . When an exterior domain f2' = C \ 17 is considered, we assume without 
loss of generality that Q is simply connected. 

Lemma 8.1. Let J, K he non-negative integers or 00, and let < P < 1. For < k < K , 
let efc+i be decreasing positive numbers and < jk < J + 1 be non- decreasing integers. 
Suppose that = J for some k if J < 00 and jk tends to J if J and K are infinite. 
Let Q be a bounded domain with dQ G C^^^ fl . Suppose that fi G Bf~'^^^''^{dVL) {resp. 
C^-'+^'-'idn)) for < i < K + 1. There exists Ef G i3f +^"^(11) {resp. Cf +^-^((1)) 
satisfying d^Ef = fi for < i < K + 1. Furthermore, Ef has the following properties. 

{i) The extension operator f Ef depends only on i, dVt and the upper bound Mi of 
and \ fi\i-i+i3^j^_^ for < I < i and < i < K + 1. Moreover, 

(8-1) \Ef\k+i3,j, < Cfc+i + Cfc(e, /) \fi\k-i+pj,, k< K <oo, 

i<k 

(8.2) \Ef\K+i3,j K-i+l3,j, K < 00, < j < J + 1. 

i<K 

Here Ck{e, f) depends only on k, dfl and Mi for < I < k. 
{ii) Assume further that /q is constant and fi vanish in a neighborhood U of p in 
dVt X [0, 1] for alli > with i-\- J < K . Then Ef is constant on some neighborhood 
V of p in Q X [0, 1]. Moreover, V depends only on U. 

Proof We cover dfl by open subsets Up of fl and find C°° functions Xp with compact support 
in Up such that ^p°^i Xp = 1 on dfl. Here po is finite. We may assume that there exist an 
open subset Vp of fl, which contains Up, and a C^"*"^ fl diffeomorphism tpi on Vp which 
maps Vp onto V* = (-2,2) x [0,2) and Up onto U* = (-1,1) x [0,1). We also assume 
that ipi sends di, into Apdy + Bpd^ such that 1/C < \Ap\ < C. Here Ap and Bp are of 
class C^-^+^ n C° on V*. It suffices to find hp G i3f +'^'■^(17) such that supp hp^VpX [0, 1] 
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and d'lhp = Y^Uo Qfi^t'^Xp = Ki on iVp n dVt) x [0, 1]. Then Ef = ^hp is a desired 
extension. 

We now drop the subscript p in all expressions. In the new coordinates, we still denote 
/, hi, Xi ^iid V by the same symbols. For instance, hi denotes h^i o We have 

Q<m<il<m,l<i Q<m<il<m,l<i 

Note that Bum and Bum are in C^-i+im-i)+fi p qo rj.^ achieve dlf = hi on V*, we 

need 

(8.3) dif^A-%+ Y E BiimdT'hi. 

0<m<i l<m,l<i 

Changing notation, we write the above as 9^/ = /j. The support of fi is contained in 

[— 1, 1] X [0, 1] and fi is in i3f"^*+^''^([— 2, 2]). If necessary we will replace by e^/C with 
C depending the numbers of sets Up and diffeomorphisms ipp. 

Fix < 5 < 1/2. Let be a smooth function on R with support in {—5,5) such that 
f-^4>{y)dy — 1. We first need to replace y'^fi{x,X) by y^gi{x,y,X) to achieve the Bf^^^'"^ 
smoothness; when K — oo, we still need the replacement to estimate the | ■ \k+i3,j norm of 
y^gi{x,y, X) via \ fi\k-i+pj. This requires us to correct i-th y-derivativc of y^gi{x,y, X) due 
to the presence of y'^^gi^{x,y, A) for ii < i. Take a cutoff x{y) which has support in (—1, 1) 
and equals 1 on (-1/2,1/2). Let G i3f -*+^-^([-2, 2]) have support in [-1,1] x [0,1]. 
With constants 5, > to be determined, consider 

(8.4) gi{x, y,X)= [ ai{x - yz, X)(j){z) dz, bi{x, y. A) = ^y'gi{x, y, X)x{5^^y)- 

It is clear that &xgi{-. A) are C°° away from y — and gi e C^''^{V*). Also gi have support 
in V* X [0,1]. 

To show that bi G B^^'^'^ {V*), it suffices to show that d^d^bi extend to functions in 
B'^'^lV*) for all / with |/| = k < K + 1. We first derive a formula for derivatives. Write 
I = Ii + I2 with I/2I = mm{k, K — i}. We have 

d^'^ j ai{x — yz, X)(f){z) dz — J d^'^{ai{x — yz, X))(f){z) dz 

{d^'M){x-yz,X)cpf^{z) dz. 



Here and for the rest of the proof, (j)^r\z) denotes a linear combination of with 
I < k and n < m. Assume now that y ^ 0. Changing variables and interchanging the 
differentiation and integration, we get 

d'^ l{d\'^\a{){x-yz,X)hAz)dz= I -±^^{d\'M){z,X)ct^%}\;> {^^^) dz. 

Changing variables again for the last integral, we get the formula 

(8.5) d''+'' j ai{x - yz, X)ct>{z) dz = y-l^^l j {d\''\ai){x - yz)<P^)I^^J{z) dz, y ^ 0. 
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Consider first the case where i < k < K + 1. For \I\ = k and y ^ 0, we have 
d\y'g,{x,y,\))= ^ a.j.dl^y'd'^ f a,{x - yz, X)(P{z) dz 

h+\h\=k 

with ii < i. Write l2 = Iz + h with I/3I = k — i and I/4I = i — ii. By (18.51) we get 

(8.6) d\y'g,{x,y,X)) = Y, [ {d'-'a,){x - yz, X)4,::;^\z) dz, \I\ = k. 

il<i 

It is obvious that the right-hand side extends to a function of class B^'^iV*). Also, the 
C^{V*) norm of d{D^ {y'^gi{x,y, X)) in variables x,y is bounded by Ck,i\ai\k-i+i3,j. By dila- 
tion, it is easy to see that for x^'i^) = xi^i^^^) with < 5j < 1, we have |x'^'|fc+/3 < Ck5~^~^ ■ 
Therefore, 

(8.7) \bi\k+p,j < Ck,i5l''~'^\ai\k-i+p,j, <i <k. 

Next, we want to verify that dy{y^gi{x,y, X)) = i\ai{x,X) at y = 0. Fix x. By Oj G 
Cy{[-2, 2]), supp tti C [-1, 1] X [0, 1] and (E6]) with k = i, the value of di{y''gi{x, y, A)) at 
y = depends only on aj(x). However, the identity holds trivially for any 6i G (0, 1), when 
Oj is constant. We now determine Oj by taking = /o, and 

(8.8) tti = fi -9*|y=o(&o(a;,?/, A) H h 6»-i(x, A)). 

By dHTD, for j < J + 1 and i + A; < + 1 we get 

(8-9) \ai\k+i3,j < \fi\k+i3,j + ''^Ci+k5i^i'' '^\ai\k+i-i+i3,j 

l<i 

< \fi\k+l3,j + ^ C-_^_i^\fi\k+i-l+i3,j, 

l<i 

Here we have assumed that 61 decreases. In particular, is in Bf~^'^^''^ {[—2,2]). We have 
achieved 

(8.10) dliboix, A) + ■ ■ ■ + b,{x, y, A)) = /,(x. A), y = 0. 
Consider now the case where i > k = \I\. By the product rule and (18. Sp . 

(8.11) d\y%{x, y, X)x{6r^y)) = J2 ^ni^/s^J 1/' " dl^xi^-'y) ■ d^'g^ix, y, A) 

= E Cni.iA^xiSi'y) ■ y'-'^-^''^ Ja,{x- yz, X)<j>^\'^\\^) dz. 

Here the summation runs over ^1+^2 + l-^sl = k. The norm of {5l^yy~^^~^^^^ ■ X^^^\^i^y) 
is bounded by C5~^ . Thus for any 5i G (0, 1) 

(8.12) 9^^(6,(x,i/,A)) = 0, i/ = 0, A;<z, 

(8.13) l&i|fc+/3,j < C'fc,i5i~^~^|ai|/3j, < 
By (18.131) we inductively choose decreasing 5i such that 

(8-14) < 5.~^|ai|;3,i,_i maxCfc^i < ^, « > 1. 
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Take Ef{x,y, A) = Y.i+j<K^i{^^y^ By (EIID, we get Y.t>k \^i\k+i3,jk < ^fe+i for < /c < 
K. Combining it with f lSlIl . ( Km and (EZD, we obtain d'yEf = f, at y = and flO) . 
respectively. Combining (18. 7p ior k = K and (18. 9 p gives us (18. 2p . From (18. 4p and (18. 6p . we 
see that bk G Cf +'^'-^(F*) when fk E C^-k+l3,J(y^y Using the convergence of ^ \bi\k+i3j^^ 
again, we obtain Ef G C^'^^''^ (V*). The dependence of Ef and Cfc(e, /) on norms of fi, as 
stated in the lemma, is determined by (18. 3p . (18. 9p with k = and (I8.14p . 

Note that (ii) follows from the extension formulae immediately. Indeed, the partition of 
unity for dQ preserves conditions dlf = for i > and /o being constant in a neighborhood 
of zo in dfl, by starting with one of Xp's to be 1 near zq and all other Xp's to be near zq. 
From (18. 3p . we have dyf = for i > near 2:0. By (18. 4p and shrinking the support of if 
necessary, Ef is constant near zq. □ 

Lemma 8.2. Let J, K, I3,ek+i, jk be as in Lemma \8. 1[ Assume further that J < K, and 
K > k + jk forO < k < K. Let Q be a bounded domain with dfl G C^~^^ DC^ . Suppose that 
fi G {resp. C^-'+^^\dVL)) for all i > satisfying i + J < K. There exists 

Ef G B-'^~^^''-'{^l) {resp. C^"'"^''^(r2)) satisfying d^Ef = fi for i + J < K. Furthermore, 

(8.15) \\Ef\\k+p^^^<ek+i + CkieJ) Yl \\Mk-i+^,J.^ k < K < 00, 

i<k,i+J<K 

(8.16) <Cx(e,/) J2 K<oo, 0<j<J + l, 

i<K-J 

where the extension operator f — Ef depends only on i, dVL, and the upper bound Mi of 
e^^ and fori <i,i>0 andi + J < K. Furthermore, Ck{e, f) depends on 

k, dfl and Mi for I < k; Ef is constant near {zq, 0) G x [0, 1] if near Zq G dQ, /o — fo{zo) 
and fi vanish for i > and i + J < K . 

Proof. We use Ef = J2i+j<K^i with bi being of the form (18. 4p . We still have d^bi = for 
A; < 2 and 8^^ = at A = as they hold for 5i G (0, 1), provided G B^-'+f^"'{dn){c 
Bf~'^~^''^{dfl)). We rewrite previous estimates in norms || ■ || instead of | ■ |. Assume that 
i + J < K, J < J + 1, and {j <) k < K + 1. By ([HZD and flgJ3|) . we have 



(8.17) = max\bi\k-i+i3,i < max{Cfc,i<5i ^\ai\k^+i3,i} 



-k—P I 

^ i-i-i-ch-^\'^k,i<Ji 

< Ck,iSi ^ '^lkj|U2+/3j) i < k. 
Here ki = max{A; — I — i,0} and k2 = max{A; — i, j} < K — i. By ( I8.13P again, we have 
(8.18) = max \bi\k-i+i3,i < CkSl''^\\ai\\j+^j, i > k. 

Assume further that I <i. By (18.171) we get 

bni\k+l+l3,j 

m<l 

< m (^m\\k+l—m+l3,j J 

m<l 

(8-19) ||ai||fc+/3j < ||/i||A:+/3,j + Cl\\fm\\k+l-m+l3,j- 

m<l 
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Thus, by mJ9\f with I = i, ai is in iJ^-^+z^'^; by ( IHTTjl - dHlSj) . bi e B^+^^^ . Therefore, by 
(I8.18p - fl8.19p . we can inductively choose decreasing 5i such that 

where 5i depends on the upper bound of Ci > and \\fi\\i-i+ji_i+i3,ji_i for / < i. The 

rest of arguments in the previous proof is vahd. □ 

The above proof for non-parameter case without estimate on norms is in [1] (p.p. 16 and 
18). See also [Ij for different spaces with parameter. For the proof of Theorem ll.2[ we 
need the following extension lemma. 

Lemma 8.3. Let J,K be integers or oo and let < P < 1. Let Q be a bounded domain 

with dn G c^+^nc\ 

(i) Suppose that f) e C^+^{dn) forO<j<J+l. There exists Ef G Cf +'^-^(90) 
satisfying d{Ef = f) for < j < J + 1 at X = 0. 

[ii) Let J < K. Suppose that fj G C^~^^^{dQ) for < j < J + 1. There exists 
Ef G C^+^{dn X [0, 1]) satisfying diEf = fj for < j < J + 1 at \ = 0; in 
particular Ef G B'^+^'^idQ). 

(Hi) In (i) and (ii), if near p G dQ /o is constant and fi vanish for i > 0, then Ef is 

constant on V x [0, 1] for some neighborhood V of p. 
{iv) (i), {ii) and (iii) hold if Q substitutes for dQ. 

Proof, (i). When J is finite, we simply take Ef{x, A) = J2j=o fji^)- Assume that J = oo. 
Let x(A) be a C°° function which has support in [0, 1/2] and equals 1 near A = 0. We choose 
< Sj < 1/2 satisfying (^jl/jbjlxlj < 2"-'. Then Ef{x,\) = fj{x)x{S~^ ^) is a desired 
extension. 

(ii)-(iii). The extension Ef is a special case of Lemma 18.11 where the parameter A 
is absent and the variable y in its proof is replaced by A. We first find an extension 
Ef G B^~^^'^^{^^l). Using a partition of unity and local change of coordinates of class 
(2K+^ nC^, we may assume that dil contains [—2, 2] x {0}, Q contains [—2, 2] x [0, 1], and fi 
have support in [-1/4, 1/4] x {0}. Locally we find an extension Ef G C^+''([-2, 2] x [0, 1]) 
such that diEf{x, 0) = fj{x) and supp Ef C [-1, 1] x [0, 1/2]. Then Ef{x, A) is a desired 
extension. It is clear that (iii) follows from the extension formulae. 

(iv). For extension Ef G C^+^(n x [0,1]), again by partition of unity for fi, we may 
assume that all fi have support in (—1/4,1/4) x [0,1/4). Next, we apply Lemma 18.1 1 
for the non-parameter version and extend fi across the boundary of dfl to (—1/2, 1/2) x 
(-1/2, 1/2). We still have fi G C^"*+^ and fi have compact support. We substitute ( 18^ 
with 

(8.20) gi{x,X)=[ ai{x - Xz)(j){z) dz, bi{x, \) = ^\'gi{x, \)x{S~^ X)- 

where aj G C^^'^^*([— 3/4, 3/4]^) andsuppa^ C (—1/2,1/2)^. The arguments in the proof of 
Lemma [8. II are written for one variable x. However, when x G or in higher dimensional 
Euclidean spaces, the identities require minor changes only. We will leave the details to the 
reader. In conclusion, one can find Ef{x, A) = ^ bi{x, A) such that Ef G C^~^'^{[—2, 2]^ x 
[0, 1]) C i3^^+^'^([-2,2]2), snpp Ef C [-1, 1]^ x [0, 1] and d^.Ef = □ 
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Remark 8.4. As shown in Lemma [2l2| the composition of functions is restrictive for spaces 
Qk+a,j_ We do not know if the gi in (KW\f are of class C^+"'^ (n) when K + a is finite but not 
an integer; therefore, we do not know if there exists an extension Ef in (ii) of Lemma [8.31 
that is of class C^+""'(n). 

Lemma 8.5. Let 1 < k < oo and < (3 < 1. Let Qi be bounded domains of C^^^ 
boundary. Let 7 be an orientation preserving C^+l^ diffeomorphism from dQi onto 80.2. 
Then 7 extends to a C^+l^ diffeomorphism from Vti onto 0.2 and it also extends to a C^"*"^ 
diffeomorphism from fl[ onto 0.2 which is identity on \z\ > R when R is sufficiently large. 

Proof. We first prove the assertions when Oi are simply connected. Let 71 : (9© — )■ dOi be 
a C'^"'"^ parameterization. Approximate 71 in norm by a C°° parameterization 71 : 
to dOi. Then 717^^ — / has a small norm on dOi. By Whitney's extension theorem, 
it extends to a C^~^'^ mapping ip mapping from Oi into C with small norm. Then 
/ + 9? is a C^+f^ diffeomorphism mapping Oi onto 01 with C°° boundary. Therefore, we 
may assume that dOi have C°° boundary. Thus, we may further assume that Oi are the 
unit disc, say, by Kellogg's Riemann mapping theorem. Since 7 preserves the orientation 
of the unit circle, then 7(6*^) = e**-^^"*-^''^ Here a is 27r-periodic and 1 + a' > 0. Let 
p: [0, 00) — )■ [0, 1] be a smooth function which has support in (1/2, 2) and equals 1 near 1. 
Then ro(re*^) = ^e**-^"^''*-''''"^^^-* is a desired extension. 

To extend 7 to the unbounded component, using time-one mappings of vector fields of 
compact support, we may assume that G Oi. Using the inversion lq{z) = 1/z it suffices to 
show that in the above arguments we can extend 7 to a C'^~^^ diffeomorphism from Oi onto 
O2, which is the identity map near the origin. Composing Fq with the time-one map of a 
vector field which vanishing near dOi, we may assume that ro(0) = 0. Using a dilation, 
we may assume that Tq{z) = To{z) + E{z), where \E\ + \dE\ < e on \z\ < 1/2 and Tq is 
the linear part of Tq at z = 0. Let x = on |^| < 1/4 and x = 1 on |z| > 1/2. When e 
is small, Ti{z) = Tq{z) + x{\z\)E{z) is still a C^~^^ diffeomorphism. Now Fi is linear near 
0. Since T[{0) preserves orientations, by the Jordan normal form of 2 x 2 matrices we find 
two fiows X* and of vector fields vanishing at such that F'^(O) = o Y^. Let p be a 
cutoff function which equals 1 near the origin and has support in a small neighborhood of 
the origin. Then {pY)~^ o [pX)~^ o Fi is a desired extension. 

The general case for bounded domains is obtained by induction on m + 1, the number 
of components of dOi. We have proved the lemma when m = 0. Let Ci be a component 
of the inner boundary of Oi. Let C2 = 7(C'i). Let Ui be bounded components of C \ Cj. 
Applying results proved in previous paragraph, we find an extension Fi of ■yldui to u[. 
Replacing 7 by Fi 07, we may assume that 7 is the identity on Ci. Using a diffeomorphism 
of class C^~^^ from u[ onto C \ D, we may assume that Ci = C2 is the unit circle. Let 

Oi = dOi U D. We know that 7 extends to a C^^^ diffeomorphism Fq from Oi onto O2. By 
the argument in the previous paragraph, we may achieve Fq to be the identity on |z| < e 
for some < e < 1. Let F2 be a C°° diffeomorphism on C which is the identity on the 
complement of the disc Dp and sends D into D^. Here p > 1 and Dp is contained in Oi. 
Then F^^ o Fq o F2 is a desired extension of 7 to fii. □ 
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The proof of next lemma needs Theorem 19.21 for the Dirichlet problem for interior do- 
mains. Our arguments are valid because Theorem 19.21 are for embeddings 7^ which are 
restrictions of F^. 

Lemma 8.6. Let j, k be non negative integers or 00. Let < /3 < 1. Let Q be a bounded 
domain in C with dQ G C''^^ fl . Let 7^^ be a family of orientation-preserving embeddings 
from dQ onto dQ^ with 7 G C^'^{dQ). Assume that 7^^ send outer boundary to outer 
boundary. For each Aq G [0, 1], there exists S > such that if I = [0, 1] fl [Aq — 5, Aq + S] 
substitute for [0, 1] in all function spaces, then extend to embeddings T'^ from Q onto 
with r G C^'%n). Furthermore, tf is m B^+^'^ {dn),C^^'^'^ (dn) , B''+'^'^{dn) (k > j) 
and C''+^'^{dn) {k > j), there exists an extension T m B^+^'^(yt),Cl^^'^^), B^+I^'^ipt) and 
C^+P'i[yi^^ respectively; and if dQ and 7 are real analytic, then T G C'^{Q x /). 

Proof. With 6 to be determined, set / = [Aq — 6, Xq + 6] H [0, 1]. As stated in the lemma 
the space C^'^{Q) and others depend on 6. 

(i) . We apply Lemma [8.51 and extend 7'*'° to a diffeomorphism Tq° from ^2 onto fi'^o. 
Approximate Fq" by a smooth map and set = F^" for all A. We have I7''* — F^|i < 
e < eo for A G / when 6 is sufficiently small. We apply Lemma [8. II and extend 7 — Fi to an 
element F2 G B'^+^'^iTi) n C^^^Q) such that |F2|i,o < cq + C(eo)e < 2eo. Then F^ = F^ + F^ 
are extensions of 7'^. Also |F'^" — Fq^Ii < 2eo. Since Fg" is an embedding, then F^" is also 
an embedding when eo is sufficiently small. By continuity in norm, we know that F'^ are 
embeddings for A G / when 6 is sufficiently small. Analogously, we can find the extensions 
for other three cases. 

(ii) . For the real analytic case, the proof in (i) via extension does not apply. Instead, 
we solve a Dirichlet problem with parameter. We extend 7^° to a smooth embedding F° 
and approximate F° by real analytic embeddings T^^^ such that \T^^^ — T^\3/2 < For 
/ G let Tj/ be the unique harmonic function ilj which is continuous up to the 
boundary and has boundary value /. Thus Tj maps C^/^(9f2^/-')) into C^/^(f2^/-'). We know 
that Tj is injective and the range of Tj is the Banach space of harmonic functions on Qj of 
class C3/2(nW). The inverse mapping of Tj is the restriction mapping, which is obviously 
bounded. By the open mapping theorem, Tj is bounded with norm ||Tj||. Next, we want 
to show that the norms \\Tj\\ are bounded too. Define 

^e/u+i)+(i-e)/j ^ ^pi/a+i) _^ (1 _ o<e<i. 

Then {F''*} G C^/^'°(i7). When A is sufficiently small, F'*' embeds f2 onto fl-'^. Assume for 
the sake of contradiction that ||Tj|| are not bounded. We find /^/^' G C^/^{dn^/^) such that 
\Tjf^/^s/2 = 1 and 1/^/^13/2 ^ as j ^ 00. Define 

Then / G C^^'^'^^dVlr) for Z*^ = 0. Let be the harmonic function on fi'^ which is 
continuous up to boundary and has boundary value f'^. Thus u G C^/^'°(i7r) and = 
because /° = 0. However, |m^/-^|3/2 = 1, a contradiction. 

Let u\^'' be harmonic on Q^^^ such that Vj = u]^'^ o T'^/^[z) = 7^ (-2) — r^^^{z). We have 
|^iA'^"'|3/2 < ll^jll ■ — r^''"' |3/2 — )■ as j — > 00 and A — t- 0. Hence + T-^^^ approach to F° 
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111 norms as A and 1/j tend to zero. Fix a j such that Vj + T^^^ are embeddings for 
all |A — AqI sufficiently small. Then Tq = Vj + T^^^ are extensions of 7^. Finally, Tq{z) is 

a real analytic function on x / by the analyticity of solutions of Dirichlet problem with 
parameter. □ 

We now introduce spaces for exterior domains. Let Q' = C\Q. Without loss of generality, 
we assume that Q be bounded and simply connected. Motivated by the definition that a 
function h{z) is harmonic at 00 if h{l/z) is harmonic at the origin, we define inversions 

(8.21) ,^(2) = _l_ + a, fi, = {a} U fi^ = {6a} U 

for a G f2 and 6a G Q^. For a family of embeddings F'^ from Q' onto (1^^)', define 

(8.22) Tl = i,^oT\ F^_, = .fe, o F^ o 6„ = t,^ o ^\ 7a,6 = o 7" o ... 

Set F^ ;,(a) = 6a- Then F^^ is a fractional linear map from Qa onto fi^. 

We denote / G C^~^'^{Q') if f o La, which is not defined at a, extends to an element in 
C''+"{Vl^). Denote / = {/^} G C'=+"'^(n') (resp. 6''+'^'^ {Vl')), if / o t„ extends to an element 
in C''+"'^{Tl^) (resp. -B'=+^'J(n^)). We emphasis that as in (KT[^ - (KT2^ we require a G fi. 
The extended functions are still denoted by fota- It is easy to verify that the definitions are 
independent of the choices of a. Let F^ be a family of embeddings from Q' onto (f^'^)'. 
Denote / G C^+"'^(nf) (resp. (Hf ) ) , if {/^ o F^} G C'=+"'^(n') (resp. B^+f^'^ [W)). 

The spaces for functions on boundaries of exterior domains will be the same as those for 
boundaries of interior domains. 

To use the spaces C^^'^'^{Q'p) and B^^""'^ {Q'^) , we will need good control of embeddings 
F'^ at infinity. Suppose that 6a and d\ are in and a, c are in Q. It is obvious that 
^a,b — ° ° '^a extends to a embedding from f2a onto O,^ if and only if F^^ extends to 
a embedding from Q' onto for any c G and dx G Q^. By {6a} G C-'([0, 1]), we mean 
that A ^ 6a is of class C^ ([0, 1]). Then, F«,fe G C''+'^'^ {Q^) if and only if r^^d G C^+^'^^H^), 
provided 6 and d are in C^{[0, 1]). 

To put the above definitions in context, we restate Lemma 122] (hi) as follows: The space 
B^^^'^{fl'j.), which is obviously dependent of {(^2'^)'} and Q', is independent of embeddings 
F'*' from Q' onto {^^Y, provided there exists {6a} G ^■'([0, 1]) such that F^ ^ extend to 

embeddings from Qa onto fi^ for some a E fl and Ta^b £ B'^^°''^ {Qa) H C^'°(f2a)- Finally, we 
always assume that 7^ are the restrictions of F'*' on dQ, which preserve orientation. 

Proposition 8.7. Let k > j and k + 1 > I > 0. Let Q be a bounded and simply connected 
domain with d^l G C*''+^+". Let F^ map IV onto (^7^)' for < X < 1. Let bx e satisfy 
{6a} G C^{[0, 1]) and let a G fi. Suppose that F^^ extend to embeddings from Via onto 

^ withVa,beC^'\TK). 

ii) IfVb G i3'+"'J(ry) and f G B^^"^^ {dQ^) , then {C^f} G (fi^) . The analogous 

assertion holds if C'"''"'-' substitutes for B^^""'^ . 
{ii) If dn G C", Ta,b e_£'{n^ X [0,1]) and {/ o F^ o l^} G C^idn^ X [0,1]), then 

{C^/oF^o.jGC-(n:x[0,l]). 



Proof. By our definition of orientations of boundaries, La reverses the orientations of dQ 
and dfla for a E fl. Let b\ E , G C \ , and z\ E fl^. Applying the inversion ib^ to 
replace C'^ - bx by (Ca - &a)~S we get 

We know that {/^ o t,, o J = {/^ o 7^ o is in i3^+°'J((9fiJ and ^=+"'^((91] J, when / is 
in and C'^"'""'-'(9i7^), respectively. The lemma follows from Proposition 15.21 □ 

Proposition 8.8. Keep assumptions in Proposition \8 .1\ Let f G C^'^{dQ^). 

(i) Assume that Jg^x da^ = 0. // e Cl'^iVl'r), then W.f G CyiWr). As- 
sume that dn G C'=+i+°, Tb G B''+^+"'^{IVr) and f G i3^+°'^((9fi^) . T/ien G 
The analogous assertion holds ifC substitutes for B . Assume further 
that on G C", {bx} G C^, r„,^ C^(n^ x [0, 1]) and {/^ o 7^} g C"(9fi x [0, 1]). 
T/ien {(W^f) oT_^ o .J g C^iU: x [0,^). 

(22) 7/15 G i3i+"'^(r]'r), t/ien f/_/ G C0'■'■(^]'^). 

Proof. Let A be an orientation-preserving map from 9f2 onto dQ. Let 7(t) be a parame- 
terization of Then '-/{t) = A{'^{t)) is a parameterization of (9fi. Assume that dt agrees 
with the orientation of dQ and A extends to a map defined near dfl. We have 



da = \dtA{^{t))\dt = \d,A + ^'{t)-^'{t)d^A\ da. 

Let da^ be the arc- length element on dQ^. Since Lb^ : ^ zx reverses the orientations of 
dVt^ and 90^, we obtain 

(8.23) da^ ^ 



ICa-&aP 

on (9fi^ or dQ^ (via pull-back or push-forward). By (13. 2p . a simple computation yields 

.A 



Whf{z') = - [ f\C')\og\Cx-zx\da> 

_ f\C^)\og\{Cx-bx){zx-bx)\da\ zx^bx. 



1 



Since Jq^x f^da^ = 0, we can remove {zx — bx) and the restriction zx 7^ 6a from the last 
integral. By (18. 23 p . we get 

W^fiz') = -- [ f'MCx)) ,^ \ ., \og\Cx-zx\da^ 

+ -/ /'(^5.(Ca)) |^ \ ., \og\Cx -bx\da>;, zxeQl 
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Let T^(^ be the unit tangent vector of dVL^ at C,\. Fixing 2; G fi, we have daxg{z — C^^) = 
(^<c ~ ~ ^"^siCx - bx)) da^iCx) and 

U^f{z') = -- [ f'MCx))d^^^^ arg(CA - ^a) ^^.^(Ca) 

+ - [ /'(^.,(Ca)R. arg(CA-&A)c?a,^(CA), ^a G 
The assertions follow from Proposition 15.31 and the last two formulae. □ 

9. Main results and proofs 

In this section, we first prove the real analyticity of solutions to real analytic integral 
equations arising from the Dirichlet and Neumann problems. We then collect results from 
previous sections to formulate the solutions of Dirichlet and Neumann problems with pa- 
rameter. Finally, we prove Theorem 11.21 

Proposition 9.1. Let Q be a bounded domain with dQ G . Let 7'*' embed dQ onto dfl^ 
with 7 G C^idn X [0,1]). Let C be one ofK,-K,K*, and -K* . Let G C^^dQ x [0,1]). 
Suppose that ip^ G L^{dVt^) satisfy 

(9.1) (^^ + £V = V'\ {<<^\^j >} G C^, l<]<n. 

Then if G C'^{dVL x [0, 1]). Furthermore, the functions (pQ, . . . , (pm in Proposition ^.^ are in 
C^{dn X [0,1]). 

Proof. We already know that ip, (pi are of class C°°. We apply Cauchy majorant methods 
to estimate the growth of their Taylor coefficients. By Taylor's theorem, a function / on 
dVL X [0, 1] is real analytic if and only if 

max|9;9i/(7(t),A)| <Cz!j!p^+^ 

A 

where 7 is a real analytic parameterization of dVl and C, p are constants. We first need 
uniform bounds for solutions operators in sup-norms. Let {£^, . . . , be the basis of 
ker(/ + £^) described after the proof of Proposition 16.21 By Lemma [7.11 (i), we know that 
£1, . . . ,£„ are in C°'°(9^]^). Then £0 sends C°'°(9^]^) into (C°([0, 1]))", where 

£oV = (< >,< 4 >>•••> < V\ t >)• 
Consider bounded linear maps 

(/ + £, £0) : C°'°(9fi^) ^ (C°'°(9fi^) n ker(J + C)^) x (C°([0, 1]))" = X^; 
(/ + £*, £0) : C°'°(9n^) ^ X^., £ = /C or -/C. 

It is clear that (/ + £, £0) is injective. By Proposition 16.21 (iii). the second map is injective 
too for both cases. By Proposition 16.21 (i) and Lemma 17.11 (i), I + C maps C^'^{dVL^) 
onto C°'° n (ker(/ + £*))-*-. Since are linearly independent for each A, then 

(< >)i<ij<„ are invertible. Since are in C°'°(9n-y), given c G (C°([0,1]))" we can 
find c G (C°([0, 1]))" such that < Cj{X)i^, if >= c,(A). This shows that (J + £, £0) is 
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surjective. That (/ + £*, Cq) is surjective for £ = /C or — /C follows from Jg^^ eicj)^ da^ = 6ij 
for 1 < i, j < m, and f^^x cqcPq da^ = 1. By the open mapping theorem, we have 

(9.2) |<^|o,o<a(|(/ + r)(^|o,o + |/:o<^|o), /: = /Cor-/C; 

(9.3) |(/p|o,o < a(|(/ + C)^\o,o + Mo), C = 1C, -/C, /C*, or -/C. 

Here (y9 are in C^'^{dVL^) and is independent of (p. 

(i). We first consider the case where £ = /C or — /C. We express (19. ip as 

(9.4) Viz,\)+ [ ^iCA)Liz,C,\)da{C) = Mz,>^), 

Jan 

(9.5) / ^(C,A)£^a(C,A)d(T(C) = ^^, a = l,...,n. 

Jan 

Note that L{z,(,X) is real analytic on dQ x Sfi x [0,1] and a{(,X) = d^\'~f^{() is real 
analytic on dfl x [0, 1]. We know that ii are locally constants. However, we want to reason 
in such a way that the proof is valid whenever £^{0 are real analytic in A and (. Thus, the 
proof applies to £ = /C* or — /C* after we prove (ii). Differentiating f l9.4p -f p3]) yields 

(9.6) d'Mz, A) + = d'.Mz, A) 



E(^) / d[^iCA)d1-^Liz,CX)daiCl 

J n \ / do. 



1=0 

(9.7) £o9,V^ = 9,V(A) - E f /) / A)ar'(£\C)«(C, A)) daiC). 

Set Ak = ^max^^A |f^AV^(C, A)| and 

= i max { |9tL(C, z, A)|, |9aVo(C, A)|, |9aV.(A)|, |at(£^a(C, A))| 

We have \ia\l2\L\ < Ci. Denote by \dn\ the length of dn. Then we obtain from (TO . 
(lOjl and (EID 



^ fc-i fe-i 

1=0 1=0 
Denote ^A/W'^ -< ^hiw^ if A/ < hj for |/| > 0. The above implies that 



Therefore, ^ Afcw'^ converges near the origin. Set Bkj = ^ max^^A \didx^p{^(t), A)| and 

= ^max(|a^aA^L(7(t),C,A)|,|c^aA%(7(t),A) 
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Taking directly onto the real analytic kernel 9^'L(7(t), (, A) in l\9.6h . we get 

dld'Mlit), A) = d^dlMlit), A) - Q j^^ di^iC, X)didt'mt), C, A) daiO, 

k 
1=0 

Bkjw'lwi -< bkjw'lwi + \dn\ Y ^kw'l Y ^kMwi 

Obviously, YliBkjt^^^ converges near (t, A) = 0. 

(ii). We still consider L = K or —K. The elements in the base {0^} of ker(/ + C*) are 
not constant, so we need to establish their analyticity first. Recall that 

0,^ + = 0, / <P^e^a{KQda = 5,,, l<«,j<n. 

Jan 

We write both in row vectors and get 

(9.8) (/ + C^*)dl<P{z, A) = - E (^) A)5a^'^(C, A) da{C), 

^o5aV = 9,^1,...,1)-X](^) / 5>(C,A)ar(£VC,A))MC)- 
We use ( 19. 2 p instead of (19. 3 p and get, for Ak = max^^i<A<n \dx4>a{C: A)|, 

k-l fc-l 
1=0 1=0 

Therefore, ^ Akw'' -< 2C* + 2C^:\dQ\w J2 Akw'' J2 '^k+iw'^ and ^ A^w^ converges near the 
origin. Next, we apply dl to (19. 8 p and get 

didlmt)A) = - E (^) £5i0(C,A)c^9r'L(C,7(t),A)rfa(C). 

As before, we obtain real analyticity of 0(7()f:), A). 

With the real analyticity of 0j, the proof in (i) is valid for £ = /C* or — /C*. □ 

The Dirichlet problem for exterior domains with parameter is 

Am^ = on (^]^)', = f on dn^. 

To ensure that the solutions are unique, we require that be harmonic at oo, i.e., that 
u^{l/z) is harmonic in a neighborhood of 0. The Neumann problem for exterior domains 
with parameter is 

Av^ = on {n^y, d^xv^ = on dil^. 
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Here z/^ is the unit outer normal vector of dQ^. Again, we require that be harmonic at 
oo. For the existence and uniqueness of solutions v^, we impose conditions 

(9.9) / da^ = 0, da^ = 0, < i < m. 

The which satisfy conditions (11. 3p or (19. 9p are called normalized solutions. By Hopf 's 
lemma if u is harmonic on Q and continuous up to the boundary with dQ G then d^u 

determines m up to a constant. In fact, one can locally reduce to the case where f2 is a unit 
disc by Kellogg's theorem; see also [9j, p. 7. Thus, the normahzed solutions are unique. 

We now summarize the solutions to the Dirichlet and Neumann problems as follows. 
Recall that function spaces for interior domains are defined in section |2] and function spaces 
for exterior domains are defined in section |8l The reader is referred to Lemma 12.21 for 
independence of spaces B^~^^'^{dQ.y) and B''~^^'^{dQr) on 7 and F for k > j, respectively. 
Recall that Lemma [8.61 shows the existence of extensions of 7'*' to F'^. 

Theorem 9.2. Let 0<j<k,0<a<l, and j < I < k + 1. Let Q be a connected bounded 
domain m C with dVl e Let F^ embed U onto with F e S'^+^+^-^XH) for 

interior Dirichlet and Neumann problems. Let embed Q' onto {^l^)' such that Lf,\ oT^oLa 
extends to embedding s from VL^ onto Vt^ with G 3^^^^°"'^ {Vt'^) for exterior Dirichlet and 
Neumann problems. Here a E Vl, b\ E Vt^ and {b\} G C-'([0, 1]). Let be the restriction 
ofT^ on on. Suppose that {/^} G C°'^(9fi^). 

{i) (Interior Dirichlet problem.) There exists a unique harmonic function u'^ on 
such that u G C^'^VLy) and = f^ on dQ^ . Moreover, 

m 

(9.10) «^ = t/^¥.+ 5^c,V,W^M-, 

m 

^^ + IC\' = g\ y,^±ker(/ + /C^), ^^ = /^-^c^„ 

(l^>,|,.)i<„<„ = (4)"\ cl= [ f'<Pfda\ 

(ii) (Exterior Dirichlet problem.) Assume that are simply connected. There 
exists a unique harmonic function on {Vl^y U {00} such that u G C°•■'■(^]^) and 
= on dfl'^ . Moreover, 

M^ = f/^y,+ f f^^^da^, 

JdQ>^ 

cp' - /CV' = 9\ ^ ker(/ - /C^), g' = f' - [ f'(t>o da\ 

[Hi) (Interior Neumann problem.) That jg^xf^da^ = are the necessary and 
sufficient conditions for the existence of functions which are harmonic on {Q^)'U 
{00} and satisfy u G C^'^{VLy) and d^xu^ = f^. The normalized solutions are given 
by 

u^ = W^^, y?^-/C^V^ = /\ ±ker(/-/C^*). 
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{iv) (Exterior Neumann problem.) Assume that are simply connected. That 

J \ f'^ dcT^ = for all j > are the necessary and sufficient conditions for the 
'^j 

existence of functions which are harmonic on {yL^)'U{oo} and satisfy u G C^'^iVL'j) 
and d^xu^ = f^. The normalized solutions are given by 

u^ = W^if, if^ + }C^*^^ = f\ ±ker(/ + /C^*). 

(v) (Regularity.) /// G 6^+'''^ (dQ^) , then u G i3'+"'^(nr) for {i) and u G B^+'^'^iU'r) 
for (ii); if f e B^^'^^^ {dVt^) then u G B^+^+'^^^ {Ttr) for {Hi) and u G B^+^+'^^^iJ^r) 
for {iv). Assume further that T G C''+^+"'J(n) and G C^+^+^-^XH). // / G 
C'+"'^(afiT,), then u G C'+^'^XHr) for {i) and u G C'+°'J(I7r) for {ii); if f ^ 
C^+^j{dVt^) then u G C^+^+"'^(nr) for {Hi) and u G C'=+^+"'^(n'r) for {iv). Assume 
further that 89. G C", T G €^(9 x [0, 1]), Ta,b G C"(n;_x [0, 1]), {h^} G ^^([0, 1]), 
and f o-f e C^{dVt x [0, 1]). Then o T^{z) is m ^^{11 x [0, 1]) for {i) and {Hi), 
and oT^ o La{z) is in C'^{9a x [0, 1]) for {ii) and {iv). 

Proof. For the smoothness in parameter, we need to compute the coefficients in the solution 
formulae. We recall results from Proposition 16.21 We have Cj = 1 on % and Cj = on 
dn^ \ for i > 0, and Cq = 1 on dQ^. Also {j\x do%<ij<^ = I, j^^, (ple^da^ = 1 

and 00 = on 7/* for i > 0. We also know that, on W^cpo is constant and W^(j)i are 
locally constant for i > 0. On dQ^ and for i > 0, we have 

W^^i = J2 ^e,. u^j = det(i/J)i<*,.<m 7^ 0. 

j>0 

(The latter needs m > 0.) Thus for j > we have cj = X^Iii f'jiW^cpi. By Proposition 17.41 
a), we know that 0o, 0i, . . . , (pm are in B''~^°''^ {dfl^) . Thus, uu and fin are in C^{[0, 1]). Let 
= lan^ /Vj da\ Then a G C^([0, 1]) and 

f' = g' + c^ei + ■ ■ ■ + c^e„, ± ker(/ + /C^*); f^ = g' + 4, ^7' ^ ker(/ - /C^*). 

It is clear that gi G C°'-'((9fi^). By Proposition 16.21 (i) and Lemma [7]3] c) , we get (p G 
CO'^(afi^) for (i)-(iv). 

For (i) and (ii) with / G i3'+"'^((9fi^) and / < A; + 1, we still have g G B^^'^^^{dQ^) as 
/ - ^ G C°°'-'(9f]^). Thus, ip G i3'+"'^((9fi^) by Proposition El c). Hence, U+if = 2ReCip G 
;B^+°'^(nr) by Proposition O and U.ip = 2ReCip e i3'+"'^(I7r) b}^ Proposition EH Also, 
W+^i G -B'=+l+"'■'■(^]^) by Proposition lEl and G i3^+i+"'J(fi'r) by P_roposition EE 

The coefficients Ci, fin in f l9.10p are in C°°'-'. We conclude that u G B^^°''^{9r) for (i) and 
« G ;B^+"'^(n'r) for (ii). 

For (iii) and (iv) with / G B''^°''^ , we get G ^^'^"'""'■'(Sfi^) by Proposition 17.41 b) . Hence, 

G B^+^+'^'^ {Qr) by Proposition [521 and Vr_</? G B''+^+'^'^ {IVr) by Proposition ES 
Finally, the real analytic results follow from Proposition 19. Proposition 18. 8^ Proposi- 
tion 15.21 Proposition 18. 7[ and the solutions formulae of the Dirichlet and Neumann prob- 
lems. □ 

Corollary 9.3. Let k > be an integer. Let < P < a < 1. Let Q be a bounded domain 
with on G C'=+i+". Let f G C''+^+^{dn) \C''+^+''{dn). Then Wf defines two harmonic 
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functions on Q and Q' , which have the same boundary value. WflsQ is in C^+^+l^ ^ hut not 
m C'=+i+". Moreover, Wf G C^-^C) for any e>0. 

As observed in [1], if the above Wf is in C^(C) then (13. 4p imphes that / and Wf are 
zero. It is trivial that if a continuous function which is holomorphic on both sides of a 
real curve in the complex plane, the function is holomorphic near the curve. The reader is 
referred to [1] where regularities for functions for two-sided almost complex structures are 
in contrast to Corollary 19.31 

As a consequence of Theorem 19. 2^ we have the following version of Kellogg's Riemann 
mapping theorem with parameter. 

Corollary 9.4. Let j, k be non negative integers or oo satisfying < j < k. Let < a < 1. 

Let Q be a simply connected bounded domain in C with dQ G 0^+^+°" and let embed Q 
onto and satisfy T G C^'^^'^°''^ (Q) {resp. B^^^^"''^ (Q)) . There exist Riemann mappings 
fromVt^ onto D such that {R^oV^} G C'^+^+^'^XH) {resp. i3'=+^+"'^(n)). Assume further 
that dQ G and T G C^^Q x [0, 1]). Then the function i?'*' o T^{z) is real analytic on 
Ux [0,1]. 

Proof. The proof is standard for the non-parameter case. Since we need it for next proof, 
we recall the construction. Fix a G and let = T^{a). Let u^{z^) be the harmonic 
function on whose boundary value is — log 1^;'^ — a^|. Let f'^ be the harmonic conjugate 
of on fi'^ with v^{a'^) = 0. Then — )■ {z^ — a'^)e" ^ is a Riemann mapping i?^ 

sending onto D. By Theorem 19. 2[ we know that u G C''~^^^°''^ (Q) . Also 



where the path of integration is any curve of the form (x'^, y^) = r^{p(t)) with p(0) = a 
and p(l) = z. Using the integral formula we can verify that G C°'-'(r2). Then d^xv'^ = 
—dy\u^ and dy\v^ = d^xy^ imply that v is in C^"'"^"'""'-'(f2). The same argument is valid for 



We now turn to the proof of Theorem 11.21 for which we need a third-order invariant. 

Lemma 9.5. Let Q be a bounded simply connected domain with dQ G C^"*"". Assume that at 
1, dQ and 83 are tangent and have the same exterior normal vector. There exists a unique 
biholomorphism S from Q onto D such that S{1) = 1, S'{1) = 1 and S"{1) G R. Let R be 
a Riemann mapping from Q onto OB) with R{1) = 1. Then S"{1) = R'{1)^^ Rei?"(l) + 1 — 
i?'(l). Assume further that dQ G C^+°. Then at 1 



Proof. Let i? be a Riemann mapping from Q onto D with -R(l) = 1. The fractional linear 
transformations that preserve © and 1 are of the form 

_ , , 1 — a z — a 




the real analytic case. 



□ 



S'" = {R')-\R"' + 3(1 - R')R" + ^(1 - R'fR'} 
+ ^{R!)-^{\mR!' f - ?,i{{R!)-^ Rei?" + (1 



R!)}{R!)-HmR!'. 
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We have 



1 — a 1 — la 



2 



(9.11) = 



1 - a (1 - ai?)2 V 1-aR 
Note that R'{1) > 0. We have R[{1) = 1 for i?i = L„ o with 

1 + /?'(!)• 

We further determine L;, under the restriction 1 — |6p = |1 — 6p, i.e. b = cos 0(cos0 + z sin 6) 
with^G (-7r/2,0)U(0,7r/2]. Thus we still have {LboRiy{l) = 1. Theni?i(l) = R[{1) = 1 
imply that 

{Lb o Ri)"{l) = R'I{1) - 2i cot e. 
Hence, there is a unique 6^ G (-7r/2, 0) U (0, 7r/2] such that {Lb o Ri)" (1) e R. At 1, 

2aR' ^ 2b 

K , = = —t Im Ri . 



1-aR ' 1-b 

Therefore, S equals LbO LaO R. By (19. lip , we get at 1 

S" = {Lb o = ReR'l = {R')-^{ReR" + (1 - R')R'}. 
Also Imi?'/(1) = i?'(l)~^Imi?"(l). Differentiating (l9TTil . we obtain at 1 

i?'/' = + 3(1 - R')R" + ^{1 - R'fR'}, 

S'" = {Lb o R,)'" = R'C - 2iR';imR'( - ^{ImR'lf - zRe R'llmR'l 
Expressing i?'/(l) and i?'/'(l) in R'{1), R"{1) and R"'{1) yields the identity. □ 

Proof of Theorem 11.21 We need to find a family of embeddings from D onto 
satisfying the following: (a) T is in C°°(D x [0, 1]) and real analytic at (1,0) G D x [0, 1], 
(b) for any family of Riemann mappings from Q'^ onto D, i? o F is not real analytic at 
(1,0) G 1 X [0,1]. 

It is convenient not to use arc-length. Consider a C°° family of simply-connected bounded 
domains fl^ bounded by 

7(t,A) = p(t,A)e^ p(0,A) = l=p(t,0), 

where p is a positive C°° function satisfying p{t+2TT, A) = p(t. A). To achieve the analyticity, 
we will require that p — 1 vanishes near t = and A = 0. As complex valued functions, the 
outer unit normal vector ^{t, A) of dfl^ is —i'^'{t, A)/|7'(t, A)|. We have 

L N{s,t) 



k{s, t, A) 



vr |7(s,A) -7(t,A)|^ 



N{s, t, A) = Re{u{t, A)(7(t, A) - ^{s, A))}. 
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In the above and the remaining computation, the derivatives are in s, t variables only. The 
derivatives in A at A = are indicated in the formal Taylor expansion about A = 0. For 
instance, 

7(t, A) ~ 5^7n(t)A", 70 W = e^*; A) ~ A;„(s, t)A^ 

We will derive identities for coefficients of formal power series in A and those identities 
are therefore valid when they arise from C°° functions. We will also denote by the 
collection of dlpi{s) with i < j,l < n and by the collection of pi with I < n. We will 
denote by Qip^^^)) ^ function in s and t which depends on p^^^-^ such that 

(9.12) |a:a^^Q(pg)(s,^)l < C{n,jJ, |p(„)|,+0 ^ C(|p(„)|,+0. 

To simplify notation, the Q might be different when it reappears. 
We express 

7'(t, A) = te'\p{t, A) - tp'it, A)), 7(t, A) - ^{s, A) = t, A)(e^* - e^^), 
t. A) = Pis, A) + (p(t. A) - Pis, A))(l - e*(^-*))-\ 
Note that 5o(s,t) = 1 = |7'(t,0)|. We also have 

Nis, t, A) = Re{Kt7A)(7(t, A) - 7(5, A))) } = \e'' - e^f t, A), 
Ais,t,X) = |e'^ -e'*r'Re|KM)(7(^,A) -7(s,A) -i7'(t, A)(e'('^-*) - 
+ \e'' - e''\-\l - cos(s - t))|7'(t, A)|. 

Therefore, 

(9.13) \dldt'A4s,t)\ + \didt'B„,is,t)\ < C(|p„U+2). 

It is clear that A(s,t, A), 5(s,t, A) and A;(s,t, A) = A(s, t, A)/(7r|5(s, t, A)n are C°° in 
(s,t. A). Using So = 1; we compute derivatives of /c(s,t. A) in A at A = 0. We find 
A;o(s,t) = ^. By f l^TT^ we get fc„(s,t) = Q„(pjJ))(s, t), which satisfies (KV2^ . We also 
have (icr(t. A) = a(t. A) (it with a(t. A) = |7'(t, A)|. Then ao = 1 and a„ = Qil[n))- 

Let M^(2;^) be the harmonic function on with boundary value — logl^'^l on dfl^. To 
compute u-^, set /(s. A) = — log|7(s, A)| = — logp(s. A) and consider 

(pis, A) + / (fit, X)Kis, t, A)a(t, A) dt = /(s. A). 
We have /o = and /„(s) = — p„(s) + (5(p(n-i))(s). We obtain v^o = and 

(9.14) <^n(s) = -^p„(s) + Q(p|l,))(s), n>0. 
Recall that (f is real- valued and 

iUip)iz, A) = - / (^(s, X)d^x arg(C^ - z^) rffx^ = ReCV- 
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Let z = r e (-1, 1). We get 

/„\ /•27r 



We want to emphasize that r„(z) is not determined by pi, . . . , p„. Nevertheless, we want to 
show that, when restricted on the unit circle, {Uip)n and all derivatives (9* depend 
only on pi, . . . ,Pn- For /i, we apply Stokes' theorem to transport all derivatives on the 
Cauchy kernel onto derivatives in s. After removing all derivatives on the Cauchy kernel, 
we set A = and let r 1~ . By ipo = f l9.14p and a crude estimate on orders of 
derivatives, we obtain 

A^(r^) = C°Q(pj:!{f ')(!), |A^(r^)| < C(|p(„_i)U+,+3), A = 0, r = 1. 

To compute J2 , we express for r G (—1, 1) 



A 



i>l,/<j 



Recall that 7o(s) = e**. Write 7''*(e**) = 7(t, A). We further require that the extension 
T^{z) of 'j^{z) satisfy T^{z) = z. Thus at (r. A) = (1, 0), we have drV^ = 1 and d^r^ = for 
all i > 1. Set A = 0, let r — !■ 1^ in and apply the jump formula for Cauchy transform 
on the unit circle. We get 

1 /"^"r. . . . . . 1 ie^'ds 







+ idfte-yif„{t)\t=o 



2^ ' - ie''ds 



Airi Jo J e*** — 1 

i(-.e-*9,)Vn(t)l*=o + C°Q(pg+;) )(1) + g(pgtf)) 



l)^j! r'' ie^'ds 



Alii 



Here C° stands for the Cauchy transform on the unit circle. Recall in notation (19.121) . we 
have|g(pgtf))|<C^(|p(n -i)\j+3)- Here the second last identity is obtained via integration 
by parts under the additional conditions that n > and pn vanish near s = 0. Therefore, 



58 



we get for n > 

(9.15) diiu^ui) = Re I Pn(.) ^/_7^,,, +g(p;:!?j). 

We use the Riemann mapping R"^ satisfying R^{0) = and (-R^)(l) = 1. Near {z, A) = 
(1, 0), we have ■y'^{z) = z and 

R{z, A) = R^{n^{z)) = ze^'^-'\ h\z) = u\z) + tv\z) - u\l) - tv\l). 

Here is a harmonic conjugate of = Uip. Since {U(p)o = 0, then {Uip)o is identically 
zero. Hence -Ro(^) = At z = 1, we have 

R' = 1 + dru\ R" = {h^y + {{h^yy + 2{h^)\ 

R!" = (hY + s{h^y{hY + ((/i^)')' + 3(/i^)" + 3((/i^)')'. 

We get 

(9.16) {R')o = 1, {R")o = 0, iR"')o = 0, 

(9.17) ReC(l) = d'MUl) + 3d'Au\{l) + g(pSli)). 

By Lemma [9. 5 1 there exists a unique Riemann mapping for 9^2'^ that satisfies 

5^(1) = {s^y{i) = 1, (5^)"(i) G R. 

Thus, (5^);;'(1) = i?;^'(l) by flCTjl - figTrj) and the last identity in Lemma ES) For n > 
we obtain 

Re K'(l) = ^ Re p„(.) (^^^ + ^^^) + Q{pt\'') 



3! /•2>„(s)cos(2.) 



(n+6)^ 

I /.."I —I— i„y I I / 

47r7o 16sin^(s/2) 

One can inductively choose Pn{s) = Pn{s) sin'^(s/2) cos(2s) with p„ > such that Pn{s) = 
on |s| < 7r/2 and R'^i^) > {n\y for n > 0. This shows that {S^y"{l) is not real analytic 
at A = 0, provided that Pn{s) can be realized via a family of embeddings satisfying all 
the requirements. To achieve the latter, we apply a non-parameter version of Lemma 18.11 
to the unit disc D and find p„ G C°°(JD)) such that Pnie"^^) = Pn{s). Moreover, all p„ vanish 
in a fixed neighborhood of 1 G D. Applying Lemma [8.3[ we find p G C°^(© x [0, 1]) such 
that p{z, A) vanishes near {z, A) = (1,0) and d'^'^p{z,X) = {n - l)!p„(;z) at A = 0. Let 
T{z, A) = (1 + Xp{z, X))z. As we already mentioned, we can extend p{t, A) to be identically 
1 near (1,0) G © x /. Thus r{z,X) is real analytic near (1,0). Replacing F^ by F''^ if 
necessary, F'^ embeds D into Q'^, when 5 > is sufficiently small and < A < 1. 

We now consider any family of Riemann mappings i?'^ from fi'*' onto ©. Assume for the 
sake of contradiction that R is real analytic at (1, 0) G D x [0, 1]. Replace i?^ by R^{1)R^. 
By Lemma [9. 5 [ (5''^)"'(1) is real analytic at A = 0, which is a contradiction. □ 

We conclude the paper with a remark when the domains are fixed and only the boundary 
values vary with a parameter. In this case we can reduce the solutions to the case without 
parameter. Recall that the solution for the Dirichlet and Neumann problems consists 
of solving the integral equations and estimating the simple and double layer potentials 
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via Cauchy transform. When we differentiate integral equations or Cauchy transform 
in parameter A, the kernels are unchanged for fixed domains. The difficulties with the 
chain rule in our arguments disappear. More specifically, the estimates for the integral 
equations in Proposition 17.41 (without restriction k > j) extend to spaces of types and 
C^:. The estimates on the layer potentials via Cauchy transform in Proposition 15. 21 (without 
restriction k > j) extend to spaces of types and too. Thus, we have the following. 

Proposition 9.6. Let k,j and I be non negative integers. Assume that I < k + 1 and 
< a < 1. Let Q be a bounded domain in the complex plane with dfl G Let 
be harmonic functions on Q which are continuous up to boundary. If u ^ S^"^"'-^ (90) 
{resp. C^+"'^(9fi)), then u G i3l+"'J(n) {resp. C^+^'^XH)). // Jq^u^ da = and {d^u^} is m 
gfc+"J(5^) ^resp. C^+^'^idn)), then u E B^+^+"'^ (U) (resp. C^+^+'''^ (Jl)) . 
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